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Experimental studies of supercavitating flow about 
simple two-dimensional bodies in a jet 


By EDWARD SILBERMAN 


St Anthony Falls Hydraulic Laboratory, University of Minnesota 
(Received 8 August 1958) 


A two-dimensional free-jet water tunnel developed at the St Anthony Falls 
Hydraulic Laboratory of the University of Minnesota is described briefly. Results 
of experimental measurements on a two-dimensional cup, symmetrical wedges, 
inclined flat plates, and a circular cylinder in the tunnel are given. 

Measured force coefficients at zero cavitation number are in good agreement 
with theory. Shapes of the cavities were computed for one of the wedges and for 
one of the plates at zero cavitation number; the observed shapes are also in good 
agreement with the theory. 

For non-zero cavitation numbers, theoretical results for force coefficients were 
available for comparison in only two cases. For one of these, the cup, agreement 
between theory and experiment was good up to a cavitation number of about 0-5. 
For the other, a symmetrical wedge, experimental results were compared with 
a linear theory with good agreement for cavitation numbers between about 0-1 
and 0:3. In the case of the wedge, measured cavity lengths were somewhat 
shorter than predicted by the linear theory. All other comparisons with theory 
at non-zero cavitation number had to be made with the theory as developed for 
infinite fluid. The experimental force coefficients were less than predicted by 
infinite-fluid theory, but tended to approach the theoretical values as the cavita- 
tion number increased. A similar tendency marked the comparison between the 
experimental data and data taken by others in closed tunnels. 





1. Introduction 

In modern technology, it has become desirable to operate hydrofoils at such 
speeds that steady-state (or quasi-steady-state) cavities are formed of lengths 
equal to or many times greater than the chord length of the foil. Conventional 
water tunnels are limited in their usefulness for studying such supercavitating 
flows by blockage at small cavitation numbers (cavitation number is defined by 
equation (1) below). The blockage problem has been fully discussed by Birkhoff, 
Plesset & Simmons (1950). There is no blockage problem in a free jet, however. 
and experimental studies of supercavitating flows can be conducted at extremely 
small cavitation numbers—even zero—in a suitably designed free-jet tunnel. 

A brief description of a two-dimensional, free-jet water tunnel developed at the 
St Anthony Falls Hydraulic Laboratory of the University of Minnesota is con- 


tained herein, together with the results of some experimental measurements on 
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simple, two-dimensional bodies (the cup, symmetrical wedge, inclined flat 
plate, and circular cylinder). The experimental results are compared with 
theoretical predictions and with measurements by others in closed tunnels, 
when available. 

The usefulness of experimental measurements of supercavitating flows obtained 
in a water tunnel is limited by the problem of converting data from tunnel 
boundary conditions to infinite fluid. Some discussion of this problem for a free- 
jet tunnel has appeared in the literature (e.g. Birkhoff, Plesset & Simmons (1952) 
and Cohen & Tu (1956)); and it is known that, in general, cavity lengths will be 
shorter and drag coefficients will be less in a free jet than in infinite fluid. A better 
quantitative idea of these wall corrections than previously available may be 
obtained by comparing the present experimental results and related theory with 
the theory for infinite fluid and experimental results for closed tunnels. In fact, 
the purpose of the experimental programme described herein was to investigate 
the utility of the two-dimensional free-jet tunnel for studying supercavitating 
flows in infinite fluid. 


2. The free-jet tunnel 

Figure | illustrates the free-jet tunnel and figure 2 (plate 1) shows the two- 
dimensional test section. The entire test section is enclosed by a sealed housing 
when the tunnel isin operation. The housing creates an evacuated chamber through 
which the jet passes. The tunnel was originally designed as an axially symmetric 
jet of 10in. diameter. A detailed description of the basic tunnel was given by 
Christopherson (1953). The tunnel is not recirculating but draws water directly 
from a river supply and wastes it to the river at a lower level. 

As may be seen in figure 1, the axis of the jet is vertical, and the test section has 
been placed at such a height that the region surrounding the jet at the test section 
may be maintained at vapour pressure by the weight of the suspended water 
column in the vertical conduit. Pressures intermediate between vapour pressure 
and atmospheric pressure may be obtained by admitting atmospheric air to the 
test section, thereby lowering the water column. The maximum velocity available 
in the tunnel is 50 ft./sec, but this maximum is reduced as the operating pressure 
is increased by admitting air. 

The tunnel is made two-dimensional by inserting two parallel, flat plates into 
the jet as shown in figure 2 (plate 1). Each plate is 3 in. thick by 7 in. wide and the 
plates are 5in. apart, fixing the span of test bodies at 5in. The jet varies in width 
between the 10in. width of the original axially symmetric tunnel at the plane of 
symmetry and about 8-7in. at the side plates. (The side plates are completely 
surrounded by the jet; only the support structure penetrates the jet walls.) The 
nominal width of the jet is taken as 10in. 

The plates extend 3-5 ft. downstream from the test-body location; this length 
brings the ends of the plates to the top of the water column when the tunnel is 
operated at minimum pressure. When the cavity length produced by a given test 
body exceeds about 3-5 ft. or when the cavity width exceeds about 7in., the 
cavity breaks out or vents to the surrounding chamber, splitting the cavity and 
producing a cavitation number which is effectively zero. There is, therefore, a gap 
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in the cavitation numbers obtainable in the tunnel between zero and the 
cavitation number corresponding to a 3-5 ft. long or 7 in. wide cavity. The plates 
extend about 6 in. upstream from the test body, and their leading edges are 
shaped so as to produce minimum cavitation. (The final shape was determined 
by trial and error in the tunnel.) 

Each plate is made from a single sheet of brass, but one of the plates contains 
a plane Plexiglas window fitted smoothly into the brass. The upper edge of the 
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FicurE 1. General scheme of water tunnel. 


window is about 1-5in. downstream from the centre of the test-body location. In 
line with this window, there is another window in the chamber housing; this 
second window is curved on the inside so as to come just into contact with the 
10in. axially symmetric jet, and is flat on the outside. Profiles of two-dimensional 
cavities may be inspected and photographed through these windows. One diffi- 
culty inherent in the window arrangement is that frequently the water between 
the two windows cavitates before the minimum cavitation number for the test 
body is reached, thus precluding observation at the lowest cavitation numbers. 
(It has been determined by photographing a grid in the tunnel that distortion 
through the windows is negligible.) 
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The brass wall opposite the window wall is provided with two pressure taps 
located about 1-5in. downstream from the centre of the test-body location. One 
or both of these can be used to measure cavity pressure or to admit air toa 
cavity. 

Each side plate houses a removable dynamometer, drag being measured on one 
side and lift on the other. (Because the jet is symmetrical, it is assumed that half 
the drag and half the lift are supported on each side.) Strain gauges are used as the 
sensing elements in the dynamometers. Each dynamometer is wafer-like, being 
; in. thick and of 2} in. diameter, and is fitted into a 2-56 in. diameter recess in 
the corresponding side plate. As used in the experiments to be described, the drag 
dynamometer measures up to 20 Ib., and the lift dynamometer up to 80 |b. within 
the linear calibration range. The dynamometer readings are repeatable in static 
calibration within about 1 °% of full scale; in use, however, fluctuation of the load 
makes it necessary to read average forces, and accuracy to 1 % cannot be claimed. 
Interactions between lift, drag, and moment are very small and are eliminated by 
dead-weight calibration. The moment is not measured. 

Each dynamometer recess is covered on the test-body side by disks 2-54 in. in 
diameter which are an integral part of the test body. Bodies and disks are made 
from stainless steel and oven-brazed to each other. The disks are 5-00in. apart 
and, when in place, form a smooth continuation of the two-dimensional plates 
with a 0-O0lin. annular gap. Load is transferred from a test body to the dynamo- 
meters through circular hubs on the disks which fit snugly into holes in the 
dynamometer. Set screws keep the hubs from turning or moving endwise, once 
angle of attack has been established. Application of load produces a small dis- 
placement in part of the dynamometer and in the covering disks. The annular gap 
thus becomes asymmetrical. There is some leakage through the annular gap, and 
this leakage sometimes interferes with cavity observation; but the leakage does 
not appear to influence force measurements. 

Water velocity is determined by measuring the pressure drop in the nozzle 
leading to the jet. The pressure drop was previously calibrated against velocity by 
weighing the discharge up to velocities of about 30 ft./sec; the calibration curve 
was linear up to this velocity, and the straight line was extended to the highest 
velocities. The calibration curve was verified by measurements in the jet with 
a Pitot-static tube up to the highest velocities. These measurements also demon- 
strated that the velocity between the side plates at the test-body location, at 
40 ft./seec. mean velocity, was uniform within 1°; any boundary layer was 
confined to a region }in. thick near each wall which could not be reached by the 
Pitot-static tube. This uniform velocity profile makes it possible, for computa- 
tional purposes, to consider the flow to be that of an ideal, infinite, two-dimen- 
sional jet rather than a jet from a nozzle. 

The calibrated velocity occurs at the end of the nozzle. The actual velocity head 
at the test body is composed of the velocity head at the nozzle exit plus the vertical 
distance from nozzle exit to centre of test body—7 in. in this tunnel. That this is 
the case was verified by measurements with a total-head tube with no body in the 
tunnel. 
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3. Experimental results 

Some observed force coefficients are shown in figures 3 to 6. Cavity lengths, 
measured from photographs, are given in figure 7. Typical photographs are shown 
in figure 8 (plate 2). The shapes investigated were a two-dimensional cup (figure 3), 
two symmetrical wedges (figure 4). flat plates at four angles of attack (figure 5), 
and a circular cylinder (figure 6). 
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FicuRE 3. Drag coefficient for two-dimensional cup. 


In presenting the data, the following parameters are used: 


cavitation number o = (po— P.)/9: (1) 
or Oy = (Po— Pr)/9; (la) 
lift coefficient C, = L/leq, (2) 
drag coefficient Cp = Dileg, (3) 
Reynolds number Re = U,c/v. (4) 


Here p, is the measured pressure in the chamber surrounding the jet, p, is the 
measured cavity pressure, p, is the vapour pressure of water at the operating 
temperature, g = 4pU? is the reference dynamic pressure, U, is the velocity which 
would exist in the undisturbed jet at the position of the centre of the test body, 
Lis the lift or net force on the body normal to U), D is the drag or net force on the 
body parallel to U;, c is the chord length or other characteristic dimension of the 
body, J is the span (5 in. in this tunnel), p is the density of the water. and p is 
the coefficient of kinematic viscosity of the water. 

In the case of one of the wedges (figure 46) and for the circular cylinder 
(figures 66 and 6c), the experiments were carried into the non-cavitating range. 
In these two cases the cavitation number is defined by (1a) because it was im- 
possible to measure cavity pressure directly. All other experiments were limited 
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to the very small cavitation numbers associated with supercavitating flows; pro 


cavity pressure was measured directly and cavitation number is defined by (1). 
Almost all the data were obtained in a range of velocities U, from about 38 to 
45 ft./sec. Some data were obtained at velocities as low as 20 ft./sec: these data 
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FicurE 4. Drag coefficients for symmetrical wedges. 

The lift ZL was taken directly from measured data for use in (2). The drag 
coefficient according to (3) was corrected, before plotting the data, by subtracting 
the calculated skin-friction drag coefficient for the end disks and the calculated 
skin-friction coefficient for the test body. The corrections are described in 
Appendix A. Therefore, the plotted drag coefficients relate to form or cavitation 
drag of the test bodies. 

For the flat plates at small angles of attack, it was found that the drag coeff- 
cient, especially, was very sensitive to the sharpness of the leading edge. These 
edges were kept honed, and the tunnel was stopped and the edges were cleaned 
after each measurement was obtained. (Bits of grass from the river water 
accumulated on the leading edges.) Nevertheless, the drag data were difficult to 


reproduce, as may be seen in figures 5a and 5c. 
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Three different classes of cavities were generated. Naturally occurring, closed 
cavities are indicated by circles in the force-coefficient graphs. These cavities are 
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flows: produced by controlling the parameters p, and g in equation (1). Closed cavities 
by (1). | obtained by extending control to p, by feeding air to the wakes of the bodies are 
38 to | indicated by square symbols and are called ‘artificial’. Split cavities, illustrated 
e data 
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The experimental data indicate that there is no significant difference between 
natural and artificial cavities. 





Visual observation showed that the cavity walls were generally laminar as they 
left the test bodies, except in the case of the 2in. chord flat plates. The laminar 
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FIGURE 6. Drag coefficient for circular cylinder. 


flow became turbulent within about 1 chord length or less from the trailing ends 
of the bodies. Transition appeared to occur along a fixed ragged line across the 


span on each cavity wall. 
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4, Effect of gravity 
It is desirable to compare the expe:..nental results with theoretical computa- 
tions. As has already been mentioned in describing the equipment, the uniformity 


of the velocity across the jet makes it possible to treat the flow as that of an ideal, 
two-dimensional, infinite jet. A possible limitation on this treatment is the effect 
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FIGURE 7. Typical cavity length measurements. 


of gravity, because the jet is vertical and contracts as it falls. (The contraction 
effect attributable to gravity is, however, at least partially balanced by boundary- 
layer growth on the two-dimensional side plates.) 

The magnitude of the gravitational effect depends on the Froude number of the 
jet. This is apparent from the continuity equation, which may be written 


db 
dh 


- b dU : 
~~ O Gh’ « 


ot 
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and from the momentum equation 
yw _, } 
dn 9 (°) 
where / is the depth from the origin of the jet to any point in the test section, U is 
the velocity at depth h, b is the breadth of the jet at depth h, and g is the accelera- 
tion due to gravity. Thus, we have 


eer, (7) 


where the quantity on the right-hand side is the inverse square of the Froude 
number. For the test jet, b is 10in.; with U = 40ft./sec, the theoretical rate of 
contraction is approximately 0-2 in./ft. of fall, while at 20 ft./sec it is 0-8 in./ft. 
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FIGURE 9. Effect of gravity on flat-plate lift coefficient. 


In order to estimate the gravitational effect on force coefficients, the flat plate 
at an incidence of tan! (0-2) was operated over a range of velocities at each of 
several cavitation numbers. The resulting lift coefficients are plotted in figure 9. 
Similar results were obtained for drag coefficients. It may be concluded from the 
figure that, within the range of velocities studied, there is no recognizable effect on 
force coefficients attributable to gravity. Another similar experiment was per- 
formed using the wedge of 12-5° semi-angle at zero cavitation number. These 
results are included in figure 4c. A definite decrease in drag coefficient was 
observed when the velocity was decreased from 27-6 to 19-4 ft./sec, but at higher 
velocities any change may be within the experimental error. 

No experimental investigation has been made as to the effect of gravity on 
cavity shape. The definition for cavitation number given by (1) may be looked 
upon as the ratio of transverse momentum change produced by pressure dif- 
ference to longitudinal momentum change. Considering that, for a given cavita- 
tion number, p, — p;, is constant along the jet while U, increases because of gravity, 
it would be expected that a cavity in the vertical free jet would be longer than 
predicted by a theory obtained without considering gravity. 
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5. Comparison with theory and with measurements by others 

In each of figures 3 to 8, one or more comparable theoretical or experimental 
results have been introduced. 

In figure 3, for the two-dimensional cup, the theoretical drag is calculated by 
assuming that stagnation pressure exists uniformly over the upstream surface of 
the cup and that cavity pressure exists uniformly over the downstream surface. 
Then 


+ Pyo— Pi, 
ae "7 Pr ite. (8) 


This prediction is independent of the tunnel boundary conditions (but may be 
influenced by the depth of the cup). The comparison between (8) and the 
experimental results shown in figure 3 serves to verify the drag dynamometer. 

For the wedges at zero cavitation number in an infinite jet, the free-streamline 
theory has been worked out by Siao & Hubbard (1953). Calculations have been 
made from Siao & Hubbard’s paper; the theoretical results for drag are indicated 
on the graphs of figure 4 and for shape, for the 15° wedge, by crosses on the 
photograph in figure 8a (plate 2). Agreement between measurement and theory 
is very satisfactory. The cavity walls seen in the downstream portion of the 
photograph in figure 8a (plate 2) have already attained their theoretical direction 
at infinity —6-42° with the axis of symmetry. 

Cohen & Tu (1956) have developed a linearized theory for drag and cavity 
length of a symmetrical wedge in a free jet at non-zero cavitation numbers. The 
computations required to obtain drag coefficient from the paper are quite 
involved; but one of the authors, in a private communication, supplied the curve 
reproduced in figure 4a for the 15° semi-angle wedge. There is good agreement 
with the experimental data for cavitation numbers above 0-1.* Also reproduced 
in figure 4a are the results obtained on the basis of infinite-fluid theory by 
Plesset & Shaffer (1948) using the Riabouchinsky method and by Wu (1957) using 
a linearized theory. Wu’s results are also plotted in figure 4¢ for comparison with 
the experimental results for the 12-5° semi-angle wedge. In the non-cavitating 
range (figure 4b), comparison is made with the experimental results of Lindsey 
(1938) obtained in a closed wind tunnel. The present results are uniformly about 
13°% below those of Lindsey (which include skin friction). 

Theoretical results for cavity length for the 15° semi-angle wedge are plotted 
with the experimental data in figure 7a. The effective shortening of the cavity in 
the free jet, as compared to a cavity in an infinite fluid, is clearly shown. The 
measured cavity lengths are even shorter than predicted by the linear free-jet 
theory, although they might have been expected to be longer because of the 
gravitational effect discussed in § 4. Actually, as may be seen in figures 8c and 8d 
(plate 2), there is considerable uncertainty in measuring cavity length; and this, 


* Linear theories depend on the introduction of a perturbation potential to produce the 
cavity. It must be assumed that the perturbation potential will not affect the flow at 
infinity. However, with an infinitely long cavity, there is no way to avoid interference with 
the flow at infinity and the linear method must fail at zero cavitation number. 
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together with the breakdown of the linear theory at small cavitation numbers, 
may account for the discrepancies between experiment and theory. 

Although the free-streamline theory for an inclined flat plate in a jet at zero 
cavitation number is fairly straightforward, no solution which had been carried 
to the point of computational usefulness could be found in the literature. 
Accordingly, such a solution is given in Appendix B. The calculated lift and drag 
coefficients are shown on the graphs in figure 5, and the resulting cavity shape for 
the angle of attack of tan! (0-2) is shown on the photograph in figure 8 (plate 2). 
Agreement between experiment and theory may again be considered very satis- 
factory. In the downstream portion of the photograph in figure 8b (plate 2), the 
cavity walls have already become essentially straight and have attained their 
theoretical directions at infinity, 4-01 degrees with the axis of symmetry for the 
wall originating from the leading edge and 6-43 degrees for the other. 

There is no available theory for the inclined plate in a jet at non-zero cavitation 
numbers.* For comparative purposes, the results of the free-streamline theory 
(non-linear) for an infinite fluid given by Wu (1956) are shown on the graphs in 
figure 5. The data fall below the infinite-fluid theory at small cavitation numbers, 
as is to be expected, and appear to approach the infinite-fluid results as the 
cavitation number increases. It should be observed that Wu’s theoretical results 
agree well with experimental measurements in a closed tunnel at a chord-tunnel- 
width ratio of about 1/8 as reported by Parkin (1958). The experimental measure- 
ments in the closed tunnel were carried down to a cavitation number of about 
0-15 at an angle of attack of 8°, down to about 0-2 at 11°, down to about 0-35 at 
20°, and down to about 0-45 at 25°. In so far as lift is concerned, it appears from 
the present data, from Wu’s theory, and from Parkin’s data that wall corrections 
are important only at small cavitation numbers (of the order of 0-12 or less) for 
the narrow cavities associated with small angles of attack. 

Wuw’s theory for the plate in an infinite fluid does not yield a precise definition of 
cavity length. However, lengths obtained using the definition given by Wu are 
shown for comparative purposes on the graphs in figures 7¢ and 7d. Also shown 
on these graphs are the cavity lengths predicted by Tulin’s (1956) linear theory 
for the inclined plate in infinite fluid. (Lift and drag predicted by Tulin’s theory 
were not shown in figure 5, as the curves are only a little higher than Wu’s curves 
at zero cavitation number and approach Wu’s curves closely at higher cavitation 
numbers.) As in the case of the wedge, there is difficulty in selecting the closing 
point of the cavities from the flat-plate photographs, so the experimental cavity 
lengths shown in the figures are subject to some error. The results look reasonable, 
however, when compared with the infinite-fluid theory. 

Three theoretical drag coefficients computed for the circular cylinder in infinite 
fluid, presented by Birkhoff & Zarantonello (1957, p. 148) are shown for com- 
parison with the experimental data in figure 6a. The agreement with free-jet data 
is quite good at all three points. At higher cavitation numbers, shown in figure 65, 
comparison is made with Martyrer’s experimental data (1932) obtained in a closed 


* There is a fundamental obstacle to the development of a suitable linear theory for 
a lifting surface in a jet because of the absence of symmetry in both the cavity and the jet 
walls. 
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tunnel. Again agreement between the free-jet and closed-tunnel results is 
reasonably good. For the non-cavitating flow past the circular cylinder (figure 6c), 
the accepted value for the drag coefficient at Reynolds numbers from 2 to 4 x 104 
is about 1-2, as given in Prandtl & Tietjens (1934, figure 50, p. 96). Small dis- 
crepancies between free-jet and closed-tunnel results may be accounted for by 
variations in the point of separation on the cylinder. 


6. Conclusion 

Good agreement has been obtained between measurements in the free-jet 
tunnel and theoretical prediction for a free jet, where theoretical predictions were 
available. At the operating s;eeds of the tunnel, gravity has no appreciable effect 
on the measured force coefficients. The tunnel and measuring equipment are, 
therefore, believed to be operating satisfactorily. 

Comparison between the present results and theoretical results for an infinite 
fluid, and with measurements by others in closed tunnels, indicates that wall 
corrections for converting measured results in the free jet to infinite-fluid condi- 
tions are negligibly small for all but the smallest cavitation numbers. At zero 
cavitation number, force coefficients and cavity lengths measured in the free 
jet can be expected to be less than those in infinite fluid. The exact relation 
depends on the shape of the body and its position in the jet. For the flat plate at 
several angles of attack, the difference between the measurements in the jet and 
the theoretical predictions for infinite fluid all but disappeared for cavitation 
numbers greater than about 0-12. 


The work described herein was undertaken at the St Anthony Falls Hydraulic 
Laboratory with support of the Office of Naval Research, United States Depart- 
ment of the Navy, under contract Nonr 710(24) with the University of Minnesota. 
Robert L. Gordier has been responsible for operating the tunnel and obtaining 
the experimental data. John F. Ripken has been of material assistance in 
perfecting the experimental equipment and in offering advice on other phases of 
the work. 


Appendix A 


Drag corrections 

Two subtractive corrections were made to the measured drag coefficients. The 
first of these, the end-disk drag, was calculated by assuming a turbulent (dictated 
by the Reynolds number) flat-plate boundary layer from the leading edge of each 
side plate. The local shear stress was then integrated over the area of each disk less 
an average area occupied by the body plus cavity or wake. No allowance was 
made for pressure drag on the disks even though there was a little leakage around 
their edges. The final expression for the correction to the drag coefficient for the 
two end disks was 


ACy = -— (Al) 


= 
2e5 


0-0605 (“)' 
rd 


where R is the radius of the end disk—i.e. 1-27 in. 
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The calculations were partially checked by measurements in the tunnel. A flat 
plate of 2in. chord and at an incidence of tan~! (0-2) was mounted rigidly as 
a cantilever beam from the lift side plate with the lift dynamometer removed. } 
A dummy end disk was mounted in the drag dynamometer; about 0-004in, 
separated the disk from the flat plate. Drag measurements obtained with this 
arrangement were about 25 °% lower than given by the above formula. It was 
later realized, however, that pressure differences over the face of the disk caused 
the disk to twist out of the plane of the wall, twisting the dynamometer and 
producing false readings which could be expected to be low. 
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FicurE 10. Conformal mapping planes. 


The second correction was for skin-friction drag on the test bodies. The wedges, 
being of 1 in. chord, possessed laminar boundary layers. Drag was calculated using 
the wedge-flow solution as outlined in Schlichting (1955. p. 128). For application 
of this solution, the velocity was taken in the form 


U(x) = U,a™ = U,(1+0)tx™, (A2) 
where « is the distance along the wedge from the front stagnation point, in inches 
(0 <x < 1), U(x)isthe velocity at any x, U, is the constant velocity at the edge of 
the cavity given by (U,/U,)? = 1+0, and m = y/(7—y) where y is the wedge 
semi-angle. Integration of the wall shear stress over both surfaces resulted in the 
expression 


(A3) 








whe! 
for t 
been 
the | 
num 

In 
pres 
only 
lami 
turb 
was 

O: 


eylit 


Ap} 


The 
an i 
map 
plan 
on t 


Equ 
C pli 
This 





A flat 
ly as 
ved. 
04 in, 
. this 
; Was 
used 
' and 


ges, 
sing 
tion 


A 2) 


hes 
e of 
dge 
the 


{ 3) 











Experimental studies of swpercavitating flow 351 


where the constant C has the value 1-91 for the 12-5° semi-angle wedge and 2-20 
for the 15° semi-angle wedge. It is noted in passing that if each wedge surface had 
been considered a flat plate at zero pressure gradient in a stream of velocity Up, 
the constants would have been 1-77 and 1-94, respectively, at zero cav ligsieen 
number. 

In view of the wedge solution and the comparison with the flat plate at zero 
pressure gradient just discussed, skin friction on the inclined flat plates (one side 
only) was based on the skin friction of the flat plate at zero pressure gradient. For 
laminar boundary layers, equation (A 3) was used, C having the value 1-328. For 
turbulent boundary layers, which occurred on the 2in. chord plate, 0-074/Re> 
was substituted for C/Re? in equation (A3). 

Only the end-disk skin-friction correction was applied to the cup and circular 
cylinder data. 


Appendix B 

Free-streamline solution for an inclined flat plate in an infinite jet 
The upper diagram in figure 10 represents the flow from a jet from a nozzle about 
an inclined flat plate. The corresponding complex-potential plane and other 
mapping planes are shown in the remaining diagrams. The origin in the physical 
plane is taken at the stagnation point A. The angle of attack is « and the velocity 
on the free streamline is U). The transformations are 
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Equation (B 2) is readily integrated when points D and D’ are at infinity in the 
¢ plane (p goes to infinity in the physical plane while h + nh remains constant). 
This corresponds to the case of the infinite jet with m = 1. Then 
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The constant was evaluated so that z = 0 when € = —a. Noting that the chord 
length is given by c = zp —2,, the chord-length to jet-width ratio is found to be 
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The positions of the upper and lower jet walls at F with respect to A in the physical 
plane are given by 
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Subtracting (B11) from (B12), we find 
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Equations (B9) and (B13) are a pair of simultaneous equations for e and e’, 
given c, t, h(n+1), and «. Once e and e’ are determined, lift and drag may be 
obtained from the momentum equation using (B6) or by integrating the pressure 
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FIGURE 2 (plate 1). Views of two-dimensional test section. a, 10 in. diameter free jet nozzle; 
b, two-dimensional side plates; c, test body and integral end disks; d, side plate support 
structure; e, viewing window (Plexiglass), f, dynamometers; g, piezometer tubes for 
measuring cavity pressure; h, housing that rises to seal test section. 
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(a) Symmetrical wedge, 7 = 0 
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(b) Flat plate, =U 


(d) Circular cylinder, ¢ = 0-301 
FIGURE 8 (plate 2). Typical cavities. 
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over the plate. Performing either of these operations, and reducing the results to 
coefficient form, we obtain 


7 sin 2a 
(ae’ — 1) log [(e’ + 1)/(e’ — 1)]— (ae + 1) log [(e+ 1)/(e’ — 1] (B14) 
(e2— 1) + (e’2—1)#-e’ -e 


and Cp = C, tana. (B15) 
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When the fluid is infinite. h. e and e’ > oo, and 


C.. = 7 sin 2a 
Lo“ msina+4° 
C C h(in+1 ; 
Hence at 2 = 2 - ie+ tite aebe x) = 
: ( Do c ; 


(e218 + (2 — » 


Creo e’+e 


(B17) 


Equation (B17) is plotted in figure 11 for several angles of attack for the case 
tlc = 4. Small changes in t/c have negligible effect on the force coefficients. 
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FiaurE 11. Force coefficients for flat plates in free jet at zero cavitation number. 
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Steady flow through non-uniform gauzes of 
arbitrary shape 


By J. W. ELDER?t 


Cavendish Laboratory, University of Cambridge 
(Received 18 July 1958) 


The steady, two-dimensional flow through an arbitrarily-shaped gauze, of non- 
uniform properties, placed in a parallel channel is considered for the case in which 
viscosity can be ignored except in the immediate vicinity of the gauze. The 
equations are linearized by requiring departures from uniformity both in the flow 
and in the gauze parameters to be small. Knowledge of any three of the upstream 
profile, the downstream profile, the shape of the gauze, and the gauze parameters, 
allows the other to be calculated from a linear relation between these four quan- 
tities. Particular solutions are given for the production of a uniform shear and the 
flow through linear and parabolic gauzes. The validity of the solution is verified 
by experiment. It is shown that the method can also be applied to two-dimen- 
sional flow in a diverging channel, axisymmetric flow in a circular pipe and in 
a circular cone, and to flow through multiple gauzes. 


1. Introduction 

When a stream of fluid passes through a wire gauze the stream may be deflected 
and the static pressure of the stream reduced. An adequate description of these 
properties of the gauze can be given in terms of a drag coefficient, K, and a lift 
coefficient, B, and many, largely empirical attempts, have been made to relate 
these coefficients to the numerical parameters of the gauze (e.g. Wieghardt 1953). 

The present paper is concerned principally with the steady two-dimensional 
flow in a parallel channel in which an arbitrarily-shaped gauze is placed. The flow 
through a gauze placed normal to the incident stream was first solved by Taylor & 
Batchelor (1949), who showed that departures from uniformity in the incident 
stream were attenuated by a factor (2—-K —B+KB)/(2+K—B). This solution 
was also obtained by Bonneville & Harper (1951), in a manner similar to that 
employed by Bragg & Hawthorne (1950), who considered the perturbation to the 
stream function by gauzes that deflected the streamlines by small amounts. 
Davis (1957) applied the method to flow through two normal, interfering gauzes, 
while Owen & Zienkiewicz (1957) showed that a gauze, with a linear variation of 
drag across its surface, placed normal to a uniform incident stream produced 
a linear profile downstream. All these investigations rely on the departures of the 
flow from uniformity being small. A similar perturbation solution will be obtained 
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below for the flow through a single or a pair of arbitrarily shaped, non-uniform 
gauzes; the equations being linearized by requiring both the departures of the 
gauze parameters from uniformity and the angle of incidence of the flow on the 
gauze to be small. The principal result of the paper is a linear relation between the 
upstream velocity profile, the downstream profile, the shape of the gauze, and the 
variation of K across the gauze. This relation can be manipulated to give any one 
of these four quantities in terms of the other three and contains all the hitherto 
known solutions as particular cases. 

Although in principle the solution also applies to a gauze which only partially 
fills the channel, it is found by experiment to be invalid unless K <1. For higher 
ralues of K the only solution so far known is that given by Taylor (1944), which 
consists in replacing the gauze by a she. - of sources. Throughout this paper only 
gauzes which fill the channel will be considered. 


1.1. A gauze as a surface of discontinuity 

For the present purpose any regular or nearly regular spatial distribution of 
obstructions which lie on or near a single surface will be regarded as a gauze. 
Typical examples are: a row of cylinders, a plane rectangular mesh of circular 
wires, a perforated plate, a sheet of cloth, a cascade of aerofoils, a honeycomb of 
parallel tubes, etc. Combinations of more than one, and possibly different, gauzes 
can under certain conditions be regarded as a single gauze. The definition implies 
and requires that the extent of the gauze is large in the directions parallel and 
small in the direction normal to the surface. As the following treatment is 
largely two-dimensional, a gauze may be thought of as a row of equal cylinders, 
not necessarily lying in a plane nor necessarily equally spaced. 

Although ‘gauze’ is quite a broad concept, investigations are usually restricted 
to gauzes of simple geometrical form which can be specified by a few numbers. 
such as the wire spacing / and the wire diameter d of a square mesh wire gauze. 
The flow will then be determined by a velocity scale U,, the kinematic viscosity ?. 
l, and d, from which the dimensionless parameters / = (1—d/l)?, the proportion 
of open area presented to the stream, and the Reynolds number R = U,d/v, may 
be constructed. 

Consider now a gauze placed in a steady-flow field, and use the suffices 1 and 2 
to indicate the regions upstream and downstream of the gauze. Some distance 
away from the gauze, the exact nature of the flow near it will be of little im- 
portance, particularly for R > 1. On this basis the gauze may be replaced by a 
surface of discontinuity across which discontinuities in the velocity and pressure 
fields occur. It remains to describe how the fields immediately on either side 
of the surface are related. 

Let the velocity at the gauze be resolved into a normal component U,, and 
a tangential component JV, (see figure 1). The mass flux pU,, of fluid of density p 
through the gauze is conserved, and since the fluid is incompressible the velocity 


he yea -. y y 
change AU. «tL, «0 


Similarly, the momentum flux along the normal to the gauze is conserved, 80 
that the drag per unit area is given solely by Ap, the loss of pressure across the 
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gauze. It is convenient to express this in terms of a dimensionless resistance 
coefficient A defined by — : 

Ap = $pKU%,. (1.2) 
K may take all values > 0. By Bernoulli’s theorem it follows that Ap is also given 
by the change in total pressure, p+ 4pU*, from far upstream to that far down- 
stream along a streamline. 
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FicuRE 1. Diagram of the co-ordinate systems and the flow boundaries. 


The screen also, in general, experiences a lift force, so that V,, + V,., and we can 

i S hat a , 
define B such tha AV, = V,,—V,. = BV. (1.3) 
A streamline is usually bent towards the normal so that 0 < B < 1. It may be 
that B = B(d), where ¢ is the angle between V,, and some characteristic direction 
in the gauze, such as a wire direction. However, it will be assumed in this paper, 
as hitherto, that B is independent of ¢, and further that U,, V,, and V,, lie in the 
same plane. 

Davis (1957) has found by experiment that AK varies with the Reynolds 


number R in the manner 
K = K,+88(1—/)/R. (1.4) 


K, is independent of R and can be related to # by a mixing-jet model, similar to 
that proposed by Taylor & Davies (1944), with the result that 


K, = [((1—0-95£)/0-958)2, (1.5) 


where 0-95 is an empirical constant. 

The mechanism responsible for B is not yet understood. If, however, the flow 
is equivalent to a uniform stream past a row of equally spaced vortices of circula- 
tion k, then V, = V, + 27k/I. Hence, by definition, B = 27k/IV,. Ifsucha circulation 
exists it must be generated in the vicinity of the cylinder so that on dimensional 
grounds k = AdV,, where A is a constant. That is, B = 27Ad/l. For a square mesh 


aoe game, B=(1—d/l)? and K =[(1—£)/PP 
by (1.5), so that, B= 1-(1+,K)-+4, (1.6) 
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where we have placed 277A = | to satisfy the assumption that B = 1 for K = «, 
This formula is similar to one proposed on empirical grounds by Taylor & 
Batchelor (1949), and although it may be considerably in error for a particular 
gauze, it is sufficiently realistic to provide a convenient choice of pairs of values of 
K, B for use in theoretical discussion. B will be assumed independent of both 
R and the angle of incidence of the flow. 

K and B may, of course, be functions of position on the gauze, but there is no 
real significance in changes of K and B over distances much less than /. 


1.2. The linearized boundary conditions at the gauze 

Consider the flow through a gauze placed in a parallel channel with walls at 
y = 0, L such that every velocity vector lies in the Cartesian co-ordinate plane 
XOY and such that the flow at infinity is parallel to OX and given by U,(y). Let 
the angle XOn be 6 (see figure 1). If the effect of viscosity be neglected except in 
the vicinity of the gauze, vorticity is conserved along streamlines. If, further, the 
flow perturbation due to the presence of the gauze is sufficiently small so that 
streamlines are deflected by a small amount only, then the vorticity § = ¢k, 
where k is unit vector normal to XO Y, is such that € is unchanged by the presence 
of the gauze except for a discontinuity at the gauze. Thus € = ¢(y) = —0eU,,/¢y. 

It is necessary to establish that, in practice, it is possible to realize flows in 
which the assumption of a perfect fluid is valid. For the purpose of taking into 
account the diffusion of momentum by viscosity, consider as an extreme example 
the flow given by U., = V+Uperf(Vy2/4vz)t (Uy < V). 
This can be shown to correspond to the flow produced by the laminar mixing of 
two parallel streams of slightly different speeds, V + Uj, such as would be produced 
by a gauze made up of two parts of slightly different resistance coefficient. The 
half-width of the viscous region is required to be less than aL, say, where for 
practical purposes a lies between 0-01 and 0-05, and L is the width of the channel. 


Hence we require eyrri 
1 x/L < 0-28a2VL/v. 


This condition can normally be satisfied without difficulty. For example, in the 
Cavendish wind tunnel with L = 40cm and V = 500cm/sec, 2/L < 4 even for 
a = 0-01, and for a = 0-05, x/L < 100. On the other hand, a uniform shear can be 
expected to persist almost indefinitely until viscous effects encroach into the flow 
from the wall boundary layers. Thus the assumption of a perfect fluid is a good 
one. 
Write U,=U, T=tand, y = K cos*6, (1.7) 

and substitute into equations (1.1), (1.2) and (1.3), obtaining 

U, = U-(V,-V,)T, 

Ap = 4py(U? + V3?T2), 

BUT = (1—B)V,-K,+(,-J¥,) T?. 


Except at the gauze, the fluid obeys the equation of motion 


] 
“e = 4VU2-Uxt, [=VxU, 
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from the y-component of which 


lo lo 
—-——Ap = ~—AU?+(U,4,-U,6,). 
Fag MP = 55g AU? + (Si Vib 
since ¢, = —0U,,,/cy, €, = —0U,,./dy. The largest of the above terms involving T is 


(V,—V,) 7. For T near zero (V,—V,) T is small compared to U, so that neglecting 
such terms (a first step towards complete linearization) and making the equations 
dimensionless by means of a suitable mean velocity V by defining 

q=U0/[V, #2=U,,/V, w*=t_/V 


= U/l, w=U/F, 4 =F, =H. 


we have at the gauze, 





S, = Me = g, (a) 
BqaT = (1—B)v, — %, 
_ Bal = (1-B) rv, (0) (1.8) 
0 ° ’ ’ ; | fe) 
sy? = alu’ —ue’) (' = dldy), 0 


Now B < 1 and BT is small over a range of @ near zero. If the departures of 
q from uniformity are also small, the product of B7' and the variation of q can be 
neglected so that we can write gq = 1 in BTq. The linearization is completed by 
writing 

y = yell +s(y)], (1.9) 


where y, is a constant and |s| < 1. Substituting (1.9) into (1.8c) and neglecting 
second-order quantities, we obtain after an immediate integration 





u—u* = yo(q—1) +3708, (1.10) 
7 L “ff . 
where to satisfy continuity we require | s(y)dy = Oif V is the mean velocity. 
0 


The derivation of (1.8) and (1.10) has required the following quantities to be 
small: the displacement of a streamline by the gauze, the variation of resistance s, 
(V.-V,)7T, BT, and the variation of velocity across the channel. It is found 
experimentally that it is normally sufficient to have the dimensionless shear 
Ldu/dy or L du*/dy less than 0-5. 

For low values of R, such that K behaves as in (1.4), equation (1.10) remains 
valid provided we write 

y = cos? Od(K V?)/dV?. 


2. Two-dimensional flow in a parallel channel 

The problem is to find the transformation relating the velocity profiles up- 
stream and downstream of an arbitrary gauze. The fluid is assumed to be perfect, 
have zero-normal velocity on the channel walls and satisfy (1.84, 6) and (1.10) at 
the gauze. The velocity field will be formulated in terms of a stream function y 
which is perturbed in the vicinity of the gauze. The perturbation is determined by 
the assumption that vorticity is conserved along a streamline except for a dis- 
continuity at the gauze. 
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The formulation is simplest for two-dimensional motion where (see, forexample, 
Lamb 1932), 
C = Vey. (2.1) 


Suppose the gauze produces a perturbation y* to a main flow w® such that 
yy = y°+y*, then, provided the gauze produces only small transverse displace- 
ments of the streamlines, 


V2y* = 0. (2.2) 
A finite solution of (2.2) which satisfies the boundary conditions at the walls is 
/ * fo a) . 
uy” ] nan 
7 = > —P,ev™Lsinnay/L (x < 0), 
4 n=1 7 
~ 4 (2.3) 
= > —Q,e°7* 4 sinnay/L («> 0).| 
n=1 27 
is 6] 
The 7 + P pnnziL / 
Thus, u, = u—- > Pe" cos nmy/L, 
1 
+2) 
Us = U- YQ, e-""" cos nay/L, 
1 (2.4) 
. , 
vo, = > Fe" ain aay lL, 
1 
oo) 
ve = 50,67" sin nay/L. 





The velocities given by these equations must satisfy the boundary conditions 
(1.8) and (1.10) on the gauze. Assuming that the gauze is everywhere nearly 
coincident with the plane x = 0, these conditions are 


co a 
2 q = u—-—>P, cosnw = u*— SQ, cos nw, (2.5) 
1 1 
BT = S(1-B)P,,+Q,]sin nw, (2.6) 
1 
u—u* = ¥o(q—1)4+ 48. (2.7) 


where w = 7y/L and from (2.7) and (2.9), 


Yo(U— 1) +3708 = = +7) P, —Q,] cos nw. (2.8) 
[It is convenient to define 
an = > 
Ln Pa (1 B) P,, +Qn;) (2.9) 
Bn = (1+%)Pa-Qnsd 
so that, BT = Ya, sin nw, 
a (2.10) 
bYoS+Yo(u—1) = XB, cos nw. 
1 ) 
a B —(1+) 1—B)B 
Then P aug Us ( + Yo) Xn + ( - B)B,, (2.11) 


*“345,-B “= 2+y,—B 
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so that substituting q from (2.5) in (2.7), 
u*—1 = A(u—1)+}(1 _A)s+ESa, cos nw, (2.12 
where 
E=y,(2+7Y9—-B) and A = (2-—y,—B+y)B)/(2+y¥.—B) = 1-y,(1-£). 


Hardy & Rogosinski (1944) discuss the relation between two functions g(w), 
g*(w) defined in the range 0 < w < 7 such that 


«o 2) 
g(w) = SA, sinnw and g*(w) = Sh, cosnw. 
1 1 


This relation is denoted by g* = #(g) and g = #*(g*), and they show that 


#(g) = Z : [g(w +t) —g(w—t)] cot dtdt. (2.13) 
0 


-_ 


io 9) 
Hence, since B7' = Sa, sin nw, we can write finally 
1 


u*—1 = A(u—1)—3(1—A)s+ EA (BT). (2.14) 


Notice that the factor A is the attenuation of an upstream flow variation by 
auniform gauze normal to the stream, and that the remaining terms represent the 
disturbances introduced respectively by the variations of resistance coefficient 
and by variations of inclination to the stream. The separation of these effects is 
a consequence of the linearization of the equations. Equation (2.14) is a linear 
relation between the upstream velocity distribution, w, the downstream distribu- 
tion, u*, and the two properties of the gauze, and it may be used to relate any one 
of these quantities to the other three. For example, if the velocity distributions 
wand u* are known, then there are two distinct cases of interest, corresponding to 
a shaped gauze of uniform resistance or a gauze of non-uniform resistance placed 
normal to the stream. 

If, first, the distribution of inclination, 7’, is required explicitly, it is readily 
obtained from (2.14) by applying the transformation #* to give 


hub — te q 
eB? - 2¢+|" Salil ll il (2.15) 


Provided u,u*, K and B are given, (2.15) can be integrated to give the gauze 
y 
shape, x—2Xy = [ T (y) dy, required to produce a prescribed velocity distribution. 


“Yo 
Secondly, for a gauze placed normal to the stream so that 7' = 0, (2.14) gives 


the variation of resistance required to produce a prescribed velocity distribution 


” § = 2[A(w—1)—(u*—1)]/(1— A). (2.16) 


If this variation of s is produced by the variable spacing of a row of cylinders for 


which £ = 1—d/I, then by (1.5) 


K+ (7) (1 -5) = K,(1+s). (2.17) 
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It is assumed that K, is given; hence (2.16) and (2.17) can be solved for djl. 
A restriction is imposed by the requirement d/l > 0, so that 


(u*—1) < 3(1—A)+A(u-1). 


In particular, to produce the linear gradient u* — 1 = A(y/Z — 4) from a uniform, 
incident flow with w = 1 requires 
s = —2A(y/L—4)/(1—A). (2.18) 


This particular result has already been derived and verified experimentally by 
Owen & Zienkiewicz (1957). 


3. Axisymmetric and diffuser flow 

The simplest extension of the above results is to nearly radial, two-dimensional 
flow. Use polar co-ordi1. tes (7,4). For potential flow in a channel with walls at 
@ = 0, a, the velocity, distant from the gauze, is radial and of the form wu = f(6)/r. 
The gauze produces a perturbation y* to the stream function y°, where again 
V2y/* = 0. Appropriate eigenfunctions for y* are r* sin k@, where k = nz/a. The 
solution proceeds exactly as in section 2, except that y, u,, uw, are replaced by 
9, f,(8), f(A). Equation (2.14) becomes 


f*—1 = A(f-1)+ EX (BT)—4(1—A)s, (3.1) 


where A, FE, s, and the operator W have the same meaning as in § 2, but 7’ is the 

tangent of the angle between the radius vector and the gauze normal. The solution 
(2.15) also applies, but x— 2, is replaced by log r/ro, so that 

log” =2[" Eee (s*—f)|B + (2—B) (f— Ide (3.2) 

5 t Wile } | . 72 

A further extension can be made to the axisymmetric flow in a circular pipe 

of radius a. Use cylindrical polar co-ordinates (r, 0, z), where 0/06 = 0 and 

U = (V,0, U). The equation of continuity is satisfied by introducing a stream 

function defined by rU = —oy/éer, rV = dy/oz. As before, we assume that vor- 

ticity is conserved along a streamline, except for a discontinuity introduced at the 
gauze. Hence, the vorticity ¢ is of the form (0, ¢, 0), where 


= L(y), say. (3.3) 


If the gauze produces a perturbation y* to the stream function y®, then 
L(y*) = 0. This equation can be separated to yield the finite solutions 
y* = re-™=' J. (mr), where J,(ma) = 0. The solution now proceeds as before except 
that J,(mr) replaces cos mw, J,(mr) replaces sin nw, and the summations are over 
all roots m such that J,(ma) = 0. The previous solution (2.16) applies except that 
the transformation # is now defined in terms of the Bessel functions J, and J, by 

g(r) = Sh, A(mr), g*(r) = Sh, Amr), (ma) = ‘| 

™ 


m 


(3.4) 


and g* =H (9), g=H#*(g*). 


The properties of the transformation represented by these Fourier—Bessel series 
can be expected to be similar to the corresponding Fourier series. 
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The solution for the axisymmetric flow in a circular pipe can be extended to the 
ease of flow in a circular-cone diffuser, in a manner similar to that used for radial 
two-dimensional flow. Use spherical polar co-ordinates (r, 0, ¢), so that 0/0¢ = 0 
and U =(U,V,0). For potential flow within the cone @ = «, the velocity, 
distant from the gauze, is radial and of the form u = f(@)/r?. As before, solution 


| (2.16) with the modification (3.2) applies here, except that f(@) replaces u(y). 


4, Multiple gauzes 


A further simple extension of the previous results is to the common practical 
case of two or more gauzes placed in series. Consider a gauze A placed at x = 0 
and a gauze B placed at x = x, and define 


weit. £. «esi 
Mn = cothé,, ¢, = coshec&,,. 


where £,, = n7x,/L and n is an integer. As before, it is possible to express the 
velocity field in terms of trigonometric series so that with, in an obvious notation, 


oo) 
u-l= D> H, cosnw, 


n=1 


D 
B,T,= > G,snnuw, 
n=1 


o 
u*¥—l= ¥ L, cosnu, 
n=1 
@ 
m . < : 
BpTp = Y M,sin nu, 
n=1 


then it can be shown that 
D, i, = fi H,, 7 QnGn — RM,, 
where D, = —¥4Y¥pSnt(1+74)(1+7x) + (1— By) (1—-Bp)] In 
+(1+74)(1-Bg)+(1+7g) (1- By), 
n= —YaYp(l—By)(1— Bz) o, + (1+ (l- v4) (1-Ye) (1- Ba) 
x (1— By) an + (1-4) (1- By) + (1-Yz) (1— Bg), 
Qn walt Fa (1 as By) [yn(1 7 Ya) on ¥ Yall ii YB) Mn): 
R, = Ya(1— Ba) + lval Ye) on t+ VBL +4) Mal: 

For &, large, it can be shown that the solution corresponds to the result that 
would be obtained by assuming the gauzes did not interfere and using (2.16) 
twice. In general, although P,, can be zero, due to the presence of ¢, and 7, in each 
coefficient, two interfering gauzes cannot remove all variations in w—1 but can 


merely remove a particular harmonic component. The case of two normal inter- 
fering gauzes has already been solved by Davis (1957). 


4°, 
II 


5. The linear gauze 

A linear gauze, inclined at a uniform angle to the stream, provides both 
theoretically and experimentally one of the simplest flows through a gauze 
inclined to the stream and at the same time reveals all the consequences of the 
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ability of a gauze to deflect the stream. Consider the uniform flow incident on 
a gauze for which both 7 and K are uniform over the gauze surface and, therefore, 


sis zero. By (2.14), 
u*—1 = EBTH (1). 


The transform .#(1) can be evaluated by elementary analysis, giving 
2EBT 


ut —] = —— log cot dw. (5.1) 
7 > 2 


In figure 2, the curve of (u* —1)/E BT as a function of y is drawn together with 

o / t—) 
experimental values. The agreement is good even close to the walls where the 
present theory gives an infinite value. 
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FiGuRE 2. The velocity profile downstream of a gauze inclined at a uniform angle to a uni- 
form incident stream. Theoretical curve from equation (5.1). Experimental points for 
@ = 10°, 20°, 30°, 40°, 45°. 


Apart from some qualitative observations in a water channel, the experiments 
were performed, in collaboration with Dr G. Davis of the Australian Atomic 
Jnergy Commission, in the wind tunnel of the Heat Research Laboratory of the 
Engineering Laboratory, Cambridge. The tunnel provided a velocity of 30 m/sec 
in a polished wood-working section of 5in. x 10in. Velocity measurements were 
made with a 0-125 in., 3-hole probe and an inclined tube manometer. The tunnel 
boundary layer was 0-05 in. thick. Velocity variations across the section, outside 
the boundary layers, was less than + 1% and flow direction variations were less 
than +15’. The screens were mounted on wooden frames and clamped to the 
adjustable tunnel walls which provided a range of 6 up to 45°. The data of figure 1 


were with values of /, 8, K, B of 0-0194 in., 0-395, 2-20 and 0-220, while the values | 


for figure 4 were 0-0117in., 0-348, 3-20 and 0-286. 
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Notice that the coefficient 


ET = sin 26/(M + cos 20), (5.2) 
where M = 1+(4-2B)/K, 
has a maximum at cos 20 = —1/M, where its value is (/?—1)-*. ET is plotted 


in figure 3, for a series of values of K and corresponding values of B taken from 
(1.6). It is seen that near 0 = 0 there is an extensive region where ET cc 0, that 
the extent of this region increases with K, and that the maximum occurs for 
9 >47. Although the maximum values of ET suggested here occur at values of 
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FicuRE 3. The deflexion parameter #7 for various values of K 
as a function of the gauze inclination. 


the inclination outside the range of the linearized solution, qualitative experi- 
ments in a water channel, in which we observe the deflexion of a dye stream on 
passing through the gauze, clearly show a maximum deflexion for }7 < 6 < 3}n. 
Since the deflexion is proportional to H7’, these observations suggest that the 
qualitative conclusions of the linearized theory apply even for @ > 41. 

It is important to evaluate the stream function in order to verify directly the 
fundamental assumption that the deflexion of a streamline in passing through the 
gauze is small. The deflexion Y(x, y) of a streamline which passes through y and 
originates at y,, is 

Y =y-Yq: 
and is related to the perturbation stream-function, to the first order, by 


YL = y*/V 
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From (2.3) and (2.11) we obtain 
y* = [4E BT /yyn*| S(x,y) (a < 0) 
= —[4EBT(1+yo)/yom?| S(x,y) (x > 0). 


ey a : 
where S= D> =e *!£sin nw. 
nodd 


The form of the mid-stream line, for which y,, = $L, has been computed and is 
shown in figure 4. The bulk of the change occurs in |x| < L. Neary = 4/ the final 


displacement Y (co, y)/L + EBT|—0-371 + (y/L—4)°]. 


> Y/EBTL 


04—— 








vial | 


FIGURE 4. The middle streamline through a linear gauze placed at x = 0. 


It is also of interest to observe that the stress coefficient is 


Ay * 
p= 1 | = —2EBT, 
cy baci 
and that the terms neglected in deriving the boundary conditions at the gauze are 
of order ; 2 
[(4—-%) Tlyayz = — EBT. 


The experiments here were with values of p up to 0-2, whereas in the measure- 
ments of Owen & Zienkiewicz (1957) the stress reached 0-45. It thus appears that 
the linearized equations may be used with confidence up to p = 0-5 and T = 1. 


6. The parabolic gauze 

A second simple flow through a non-normal gauze is that through a parabolic 
gauze. This introduces the additional feature that K cos? @ is no longer inde- 
pendent of y. Consider the gauze (y—4L)? = L(kL—«x)/4k, of sagk, so that 
T = dx/dy = —8k(w—4n)/7. Hence by (2.14), with u = 1, K = constant, but 
s + 0, and evaluating the transform #(w— 47) by elementary analysis, 


(w* —1)—Au = — PREP log 2sin w, (6.1) 


where Au = 4(1—A) (1—4k cos? 6/tan-! k). 




















bending an accurate parabola. 
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In figure 5, (u* — 1—Au)/kEB is plotted together with experimental values. The 
agreement is not quite so good as for the linear screen, due to the difficulty of 
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fiauRE 5. The velocity profile downstream of a parabolic gauze in a uniform stream. 
Theoretical curve from equation (6.1). Experimental points for sag k = 0-26 and 0°37. 
4h | 
T T 
ywWlL 
Flow 
e are 
ae 
sure- | 
that | 
=], | 
| 4 
bolic xBEWIAL 
1 1 
nde- “05 iis 0 05 
that Figure 6. The gauze shape to produce a uniform shear from a uniform incident stream. 
but 
7. The production of a uniform shear 
(6.1) The production of a linear velocity gradient by means of a linear variation of 
resistance across the gauze as in (2.18) has already been investigated by Owen & 
Zienkiewicz (1957). The alternative physical method of bending a uniform gauze 
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to an appropriate shape has some practical convenience. Consider the particular 
case of (2.15) required to produce the linear profile w* — 1 = A(y/L—4) from x = 1; 
it is 

AL 


a 
x(y) = aE | H*(a)da (a = w—4n). (7.1) 
BEn?* Jo 


It can be shown by elementary analysis that 


» 
W# *(w—4n) -=|° log tan 4t dt, 
7 
_! O+a2+1¢'+<hka® (7.9 
ioe + a* + 750* + 3350°+...), 7.2) 
=. ; @ 
where = "tog tan dtdt = 0-915, 
so that BErPx/AL = aes 1a3 + a> + sggpa' t..-. (7.3) 


This series can be used with confidence right up to the wail since x becomes small 
there. The required gauze shape, given by BE7°x/AL as a function of y, is shown in 
figure 6. This shape is to be expected in view of the result for a linear screen where 
in the centre of the channel the shear is uniform and only the flow near the walls 
would need to be adjusted to produce a completely uniform flow. 


I gratefully acknowledge that my period of research at Cambridge has been 
made possible by my employers, the New Zealand Defence Scientific Corps. 
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A new approach to problems of shock dynamics 


Part 2. Three-dimensional problems 


By G. B. WHITHAM 


Institute of Mathematical Sciences, New York University 
(Received 15 September 1958) 


This paper gives the extension of the approximate theory developed in Part 1 
(Whitham 1957) to three-dimensional problems. The basic equations are derived 
in §1, using the original assumption of a functional relation between the strength 
of the shock wave at any point and the area of the ray tube. An analogy with 
steady supersonic flow is found. For the diffraction of a plane shock wave by an 
obstacle, the equations and boundary conditions are exactly the same as those 
for steady supersonic potential flow past that obstacle, with a special choice of the 
density-speed relation. The successive positions of the shock wave are the 
equipotential surfaces of the supersonic flow. The ‘shock-shocks’ introduced in 
Part 1, i.e. discontinuities in the slope and Mach number of the shock wave, 
correspond to the steady oblique shock waves in the supersonic flow problem. 
They arise when Mach reflexion occurs. 

In §2 the theory is applied in detail to the diffraction of a plane shock wave by 
a cone. Then, in §3, a small perturbation theory is applied to the two typical 
problems of (i) diffraction by a slender axi-symmetrical body of general shape, 
and (ii) the stability of a plane shock. Many further applications would be possible 
and some brief comments on these are made in § 4. 


1. General theory 

The theory of shock dynamics developed in Part 1 (Whitham 1957) is extended 
in this paper to include general three-dimensional problems. The extension is only 
a matter of manipulating equations; the basic assumption remains the same. We 
introduce the rays, which are curves orthogonal to the successive positions of the 
shock wave, and consider a portion of the shock wave moving along a narrow tube 
of neighbouring rays. Then the assumption is that the Mach number JM of the 
shock and the area A of the ray tube are functionally related. This is suggested by 
the similarity of the propagation in a ray tube to the propagation of a shock wave 
ina tube with solid walls, and the function (A) is taken from the results obtained 
by Chisnell (1957) for that problem. The assumption and its implications have 
been considered in detail in Part 1. It may be added that further investigations of 
Chisnell’s function (A) have been made since Part 1 was written; these include 
an alternative derivation of the formula and further discussion of its validity (see 
Whitham 1958). 

Although the rays are not known in advance and have to be deduced as part of 
the solution, the relation A = A(J) is sufficient to determine the motion of the 
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shock wave without any further discussion of the dynamics of the flow. For two- 
dimensional problems, appropriate equations were formulated in the following 
way. The shock wave positions, « = constant, and the rays, / = constant, form 
a set of orthogonal co-ordinates («, /) in the plane. The co-ordinate & is chosen to 
be a,t, where t is the time at which the shock occupies that position and a, is the 
sound speed in the undisturbed gas ahead of the shock. Then the line elements in 
the directions of the co-ordinate curves are Moda and A 6f. For purely geometrical 
reasons, M and A must satisfy the relation 


0 (10A 0 (10M 
“a(t da) t 3p 473) sa (1 


or, in more convenient form, the two relations 


06 120A ' 
Op M oa | ‘ 
00 10M | ” 
ca A Op ) 


where 4(z, /?) is the angle made by the ray with a fixed direction. The dynamics 
assumption, A = A(M) (3) 


completes a determinate set of equations for WM, A, @ as functions of ~ and /. 
From the solution of these equations the motion of the shock is easily determined: 
for example, by integration along rays, the position of the shock at time t = a/a, 
is given in terms of the parameter / by 


a 


x = %(f)+ | M cos0dz, 
J0 


(4) 


a 
y = y(P)+ | M sin Oda, 
/0 
where x, y are Cartesian co-ordinates, 2)(/), Yo(/) describe the initial shock 
position at f = 0 and @ is measured from the x-axis. 

The choice of ind pendent variables based on the shock positions and the rays 
is particularly convenient for two-dimensional problems, and at first it was 
assumed that this would be true for three-dimensional problems. It seemed 
natural to introduce a third co-ordinate y so that a ray would be specified by /, y: 
then, relations corresponding to (1) for the line elements together with (3) would 
determine the motion. In fact, this procedure was rashly indicated in Part 1 as 
the one to be followed. It can be done, of course, but the amount of formal 
manipulation becomes prohibitive. The main snag is that a set of surfaces, such as 
the shock positions here, cannot in general be one family of a system of orthogonal 
co-ordinates (see, for example, Weatherburn 1931, p. 218); that is, # and y can 
not be orthogonal in general. Accordingly, such a co-ordinate system becomes 
a positive disadvantage in three dimensions, and we revert to the Cartesian 
co-ordinates (xv, y, z). Then the formulation becomes surprisingly simple. 

The motion of the shock can be described by 


a t = x(x, y, 2) (5) 
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and the problem now is to determine the function a(z, y, z). The distance ds along 
aray between the shock positions at ¢ and ¢ + dt is given by 

a, ot = ds|Val, 
since the ray is normal to the shock. Hence, the Mach number M is given by 
1 
~ [Val " 


M (6) 


Next, let i(v, y, z) be the unit vector in the ray direction: since it is normal to the 
surfaces (5), it may be expressed as 


Va 
— = y| | 2 
Va] IVa ( 


~I 
— 


i 


Now, consider a small length of a narrow ray tube with end sections parts of 
surfaces « = constant, and let A be proportional to the cross-sectional area of 
the tube (measured by the area of the surface x = constant inside the tube at that 
section). Applying the divergence theorem to the vector i/A and the volume V 
inside the ray tube, we have 


[v. (i) ar = f Noe (3) 


where v is the outward normal to the surface S of the ray tube. On the sides of the 
tube, i.v = 0; on the ends, i.v = +1 respectively and [A-'dS = 1, so that the 
contributions from the ends cancel. Hence the right-hand side of (8) vanishes. 
Therefore, since the elementary ray tube can be taken arbitrarily, the usual 
argument of continuity shows that 


V. (3) = 0 
1 


M 
v.(5 Va)=0, M= wal (9) 


everywhere. From (7), we have 


Since the basic assumption is that A is a known function of 1, this is an equation 
to determine a. 
A typical problem is the diffraction of an initially plane shock by a solid obstacle. 
If the initial Mach number of the shock is VW, then we require 
| eee 
a~ at infinity, (10) 
M, ; 
and, since the shock must be normal to the surface of the obstacle, the normal 
derivative of « must vanish on it, i.e. 
0m 
= 0 onthe obstacle. (11) 
On 
For this problem the solution of (9) is required subject to the boundary condi- 
tions (10) and (11). 
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Analogy with steady supersonic flow 

There is an immediate analogy between this problem and that of determining the 
velocity potential in irrotational supersonic flow past a body. For. in steady 
compressible flow, the continuity of mass requires 

V.(pq) = 0, (12) 
where q is the velocity vector and p is the density. If the flow is irrotational with 
velocity potential ¢ then q = Vd. Furthermore, from Bernoulli’s equation, p is 
a function of the speed q; for a polytropic gas with pressure-density relation 
p = kp’, Bernoulli’s equation is 


ony— y—-1 
YKp’ 1 - VKP & 1.2 , 
anh Rit pe Se fe 13 
y- l + 24 y- l a 34 a ( ) 


refer to values in the uniform stream at infinity. Therefore, we have 
V.(pV¢) = 0, (14) 
where p is a known function of g = |V¢|. This corresponds exactly to (9), the 
precise correspondence being 
@>a, q>1/M, p>-M/A. (15) 
The difference is that the dependence of p on |V¢| is not the same as that of M/A 
on |Va|. This difference accounts for the fact that (9) is always hyperbolic. 
corresponding to wave motions, whereas (14) may be hyperbolic or elliptic 
depending upon whether the flow is supersonic or subsonic. Turning to the 
boundary conditions in the steady-flow problem, we require 


where Po 


i> 6) 





@~q,,v at infinity 


C¢ 


- on the body. 
on cs 


and 


These correspond precisely to (10) and (11), so the analogy is complete. 

In view of this analogy, for any problem in supersonic flow there is a corre- 
sponding one of shock diffraction which can be solved by the same method. The 
difference in the dependence of the functions p and M/A on |V¢| and |Vaq. 
respectively, will mean in general that the details of the solutions will differ. 
However, in the special case of a small perturbation theory, the solution can be 
taken over directly from the corresponding linearized supersonic flow with a 
mere change in interpretation! Thus, any solution of a linearized supersonic 
flow problem solves the corresponding shock diffraction problem at the same time. 


To show this we substitute 1 
a ial (16) 
in (9), and linearize the equation on the assumption that the perturbations @’ are 
small. First. ] 
M = IVa = M,—Myx!,+ O(a’), (17) 


M _[(™ | d *) . 
= 2a +l out \a — Mya) + O(a"? 
: | M=Mo am | 1) 7, v%z) + O(a’) 


M | M M*dA | 
= |— -|—--3S a,+O(a’?), (18) 
| M=Mpo A A?dM M=Mpo e ( 


A 








Th 


In 


ant 


the 


in a 
equ 
obt: 
E 
for 
dim 
equi 


on c 





ig the 
teady 


(12) 
| with 
1, pis 
ation 


(13) 


have 
(14) 
), the 


(15) 
MIA 
dolic. 
liptic 
» the 


orre- 
The 
Val. 
iffer. 
in. be 
ith a 
soni 
time. 


(16) 


(18) 





A new approach to problems of shock dynamics. Part 2 373 


Then, substituting (16) and (18) in (9), we have 


(19) 


' MdA 
a +a.—Ba=0, B= | 
M=Mo 


 AdM 
In supersonic flow, the velocity potential is taken in the form 
b= 7,,(%+ 9’), (20) 
and the linearized equation satisfied by ¢’ is found to be 
yy t+ G2 —- Bote = 9. B= M2 -1, (21) 


where .@, is the Mach number of the stream at infinity. At infinity, «’ and ¢’ tend 
to zero, and on the obstacle the normal derivatives of 2 + a’ and x+ d’ must both 
vanish. Therefore, the problems to be solved for a’ and ¢@’ are exactly the 
same. The interpretations of the solution are different, and the coefficients B have 
different definitions in terms of the given parameters. The equipotentials of the 
supersonic flow problem are the shock positions of the diffraction problem ; the 
streamlines are the rays. 
Solutions obtained by use of this analogy will be presented in § 3. 


Two-dimensional problems 
The analogy with supersonic flow also provides a useful way of comparing the 
formulation (9) with (2) for two-dimensional problems. As noted above, (9) 
corresponds to the equation for ¢ in Cartesian co-ordinates (x,y). Now, (2) 
corresponds to the equations for speed q and flow direction @ as functions of the 


velocity potential ¢ and stream function y. The latter equations are 


00 =p eq 
0p = gey | (22) 
00 0 /1\ | 
—- = Ga— i—F; 
ows ly oo) = 
the correspondence with (2) is 
@>a, pop. 0-6, q-I1/M, pM/A, (23) 


in agreement with (15). (Equations (22) can be derived from the geometry of 
equipotentials and streamlines in exactly the same way that equations (2) were 
obtained in Part 1 from the geometry of shocks and rays.) 

Equations (2) are more convenient than (9) for the problems of Part 1, just as, 
for many purposes, equations (22) are more convenient than (12) for two- 
dimensional flow. This is particularly true in finding the characteristic form of the 
equations. It was found in Part 1, that the characteristic form of equations (2) is 


a 


dM 
At — * constant (24) 


on curves +¢, (25) 





374 G. B. Whitham 


where c(/), the propagation speed in the (a, /) co-ordinates, is given by 


MdM 


(See equations (10), (11) and (12) of Part 1.) The variables M and 6 are given in 
terms of the derivatives of « by 


a8 +8 = 1/M?, a,/%, = tan, (27) 


which allows the Riemann invariants 0 + fam ‘Ac to be written in terms of «,, Oy. 
To write the slopes of the characteristics in terms of x and y, we note that 


dy y,+y,(df/da) 
dx x, +2x,(dp/da)’ 
and a, = Mcos#, y,=Msin9, x,= —Asiné, y,= Acosé. (28) 


Therefore, the characteristics d?/da = +c become 


dy _ tan (0 a _ Ac | AdM ” 
ag an(#@+m) where anm = a? (-+ aq): (29) 


The angle m corresponds to the Mach angle in supersonic flow. It is observed that 
the coefficient B which appears in the linearized equation (19) is cot m,, where m, 
is the angle of the characteristic in the undisturbed region ahead of the obstacle, 
where 4 = 0, M = M,. Equations (24), (27) and (29) provide the characteristic 
form of (9) in two-dimensional problems. Clearly, even when using the (2, y) 
plane, it is often convenient to work with MW and @ as dependent variables. 
The simplest problem treated in Part 1 was the motion of an initially plane 
shock along a curved wall. It will be useful, perhaps, to indicate how the solution 
is obtained directly in the (x, y) plane. By the usual argument, the solution must 


be a simple wave with ‘ dM 
: (30) 


Mo Ac 


holding throughout the flow (since all the negative characteristics start in the 
undisturbed region where M = M,, 6 = 0). This gives the Mach number J, at the 
wall in terms of the angle 0, of the wall without further calculation. In the com- 
plete solution, 6 and M remain constant on each positive characteristic: as 
a consequence these characteristics are straight lines. The solution may be 
written in terms of a characteristic parameter € as 

6=86,(é), M =M,,(é). (31) 


y = wrAé) + (w—€) tan {0,,(£) +m, (E)}. (32) 


where y = y,,(x) describes the shape of the wall, 0,,(7) = tan-lyj,(x), M,,(x) is 
found from (30) and m,,(2) is the corresponding value of m. If the wall turns away 
from the flow region, the solution is an ‘expansion wave’ with diverging charac- 
teristics as shown in figure 1. If the wall turns into the flow region a ‘compression 
wave’ results and the characteristics converge as shown in figure 2. The shock 
positions are lines of constant «. Since a, = cos@/M, « is given by 


M 


Zo 


& = [- — dx, (33) 


u 
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where x = 2 is the initial position of the shock at t = 0; the curve « = dot gives 
the position at time ft. Shock positions are indicated by the broken lines in 
figures 1 and 2; it should be remembered that they correspond to the equipoten- 
tials of supersonic flow. The characteristics in the (x. y) plane give the locus of the 
waves as they move along the shock. 

In the case of a compression wave, the characteristics form an envelope and the 
continuous solution given in (31) and (32) breaks down. This corresponds 
precisely to the ‘breaking’ of the waves propagating along the shock and the 
formation of a shock-shock as described in Part 1. The formation of a shock-shock 
indicates Mach reflexion as explained in Part 1. In the (a, y)-plane the shock- 
shock will be represented as a curve across which M and @ are discontinuous. 
This curve will be the locus of the shock-shock as it moves along the shock wave; 


/ f/f) A 
| { | i | 
V/\ L / | _ : | v 
4e Ay / fos } 
{ i/ J 4 af +> t+ “+ ey. 
ears ee OW 2 / | | \ 
/ / ! j | \ 
Z f y/i ; 
. seins Mdina 
FIGURE 1 FIGURE 2 


FIGURE 1. Motion of a shock wave along a convex wall; the full lines are characteristics 
and the broken lines are successive shock-wave positions. 


FicuRE 2. Motion of a shock wave along a concave wall. 


although there is a slight difference in sense, this locus will simply be called 
a shock-shock. It corresponds to the steady oblique shock which appears in 
similar circumstances in steady supersonic flow. It is shown as a thicker line in 
figure 2. The relations connecting the values of M and @ on the two sides of 
a shock-shock with its velocity have been established in Part 1. Here, they are 
required in the form of relations to be satisfied across the shock-shock curve in 
the (x,y) plane. In addition, the general form of the relations for three-dimen- 
sional problems must be established. 


Shock-shock relations 
First of all, since the portions of the shock wave must be connected, « must be 
continuous across the shock-shock. Hence, it follows that the tangential deriva- 
tives of x on the two sides of the shock-shock must be equal. If nis the unit vector 
normal! to the surface of the shock-shock, this condition may be written 


n x (Va), = nx (Va),. (34) 


where subscripts 0 and 1 denote values on the two sides of the shock-shock. The 
other condition concerns the jump in the normal derivative of «, and it may be 
found as follows. Consider a narrow ray tube which intersects a small portion of 
the shock-shock surface. If i, i, are the directions of the ray on the two sides and 
A,. A, are corresponding cross-sectional areas of the ray tube. it is clear that the 





376 G. B. Whitham 


area intercepted on the shock-shock has a projection A, in the iy direction and 
a projection A, in the i, direction. Therefore, 


n.i, n.i, 
Ay A, 
In terms of x, this condition may be written 
M, M 
j 1. (Va)o = 7 n.(Va);. (35) 
ai “a5 


It may be remarked that (9) shows that the flux of MVa/A through a closed 
surface is zero in regions where MV«/A is continuous; equation (35) shows that 
the flux of WVa/A is conserved even across discontinuities. This gives a quick 








FIGURE 3. Shock-shock at a concave corner; OS is the shock-shock 
and PQR represents a typical shock-wave position. 


way of guessing the appropriate shock condition from an equation of motion in 
divergence form, but it must always be verified independently that the quantity 
is indeed conserved across a discontinuity. For example, in continuous regions of 
a supersonic flow the entropy S is conserved, i.e. 


V. (pqs) =f). 


but it is not true that the normal flux of entropy on the two sides of a shock are 
the same. 

Equations (34) and (35) constitute the shock-shock relations for the three- 
dimensional problem. Remembering that Va corresponds to q and /A corre- 
sponds to p in steady supersonic flow, we see that (34) corresponds to the con- 
tinuity of tangential velocity across an oblique shock wave and (35) corresponds 
to the conservation of mass flux. In supersonic flow a further relation is added 
(involving the normal component of momentum) since the entropy changes 
across the shock wave and so the function p(q) is modified. The extra relation is 
required to determine this modification. In the shock dynamics, this would 
correspond to a change in the functional dependence of A on M and it will be 
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ignored; but it is an important point and is discussed in detail in Part 1, pp. 155-6. 
[It corresponds to ignoring the entropy changes in supersonic flow and continuing 
to assume potential flow behind a shock wave. 

It may be verified that (34) and (35) reduce to the relations found in Part 1 for 
the two-dimensional case. In that case, we may consider the oblique shock-shock 
separating the two uniform regions as shown in figure 3. The shock-shock is the 
line OS and a typical position of the shock wave is PQR. (This shows the Mach 
reflexion of the shock wave when it is diffracted by a wedge.) If the angle of 
the shock-shock to the x-axis is y, then remembering that Va = i/M, (34) and 
(35) give 

cos(y—O) _ cos(x—4;,) 


MQ WM, 7 
sin(y—4)  sin(x—4,) _ 

= ‘ 3 

A, A, (37) 


These relations can be solved to give @, and y in terms of My, 6), M, as follows: 


(Mj — Mj)* (Ap — Ai)? 


tan (9,—45) = A, M, +A, (38) 
ior’? ee 
2 M?— M?2\t 
tan (v—9,) = =] = 12 (39) 
M, \ Ap -2 


These agree with the form found in Part 1; (39) corresponds to the relation 


bm eS) 
ahs 4) 


for the shock-shock velocity C in the (a, /) co-ordinates. 


The A-M relation 
Before proceeding to applications of this basic theory to specific problems, it is 
convenient to repeat the main properties of the function A(M/) for purposes of 
reference. All the information has been given in Part 1. The function A(/) may 
be written 


tua a a 40) 
Be EXP | J, M1) KM)’ \ 
where 
- 2 1-“ ak , (y—-1)M*+2 
M) = 2|(1+—---—") (2v414.M—)|} , p= 
K(M) (es ) Quer M ] ee (41) 


The function K(M) decreases slowly from 0-5 at M = 1 to 0-3941 (for y = 1-4) 
as M -> o. Thus, for weak shocks, 


A M,-1\? 
— ees az 2 
A, (7) - es (42) 
and for strong shocks 
A M\" 2 
— ~~ — - = —S—- = 5- 74é Jb . 
A, i, ee ee Re ee — 
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The strong shock formula is particularly useful because it simplifies all the 
expressions, and also it covers the most important range of shock strengths. 
[It becomes a good approximation for M > 3, say. It should also be noted that 
when this approximation applies, the expressions for «/M), M/M]), 6 in any 
problem will be independent of M). Thus, a single calculation for a given geometry 
is sufficient for all M,. The shock wave will go through the same sequence of positions 
for all M,; only the time scale will be modified. 

*M 


A graph of the function | dM/Ac, which appears in the Riemann invariants | 


J1 
(24), has been given in Part 1. We note the limiting values 


°“M dj ; } 
| ae ~ 22{((M—1)!-(M,- 18} (M-1 <1). m) 
* Wo : 
“MdM M 
a Ce M > 1). 5 
I, Ac . 8 Ti, sie " 7 


The angle m between the characteristic direction and the ray direction can be 
determined from (29) and (40). It is found to be given by 


(M2 — 1) K(M)\* 


tanm = l 2M? (46) 
For weak shocks, 
tanm ~ = (M—1 <1): (47) 
for strong shocks, : 
tan m > n-! = 0-4439, m-—> 23-99, M-—->oo. (48) 


The coefficient B that appears in the linearized equation (19) is just cot my; 
hence, B > n? = 2-253 as M > 0. 


2. Diffraction by a cone 
The simplest three-dimensional problem is the diffraction of a plane shock wave 
by a cone; this corresponds to the well-known Taylor- Maccoll problem of flow 
past a cone in supersonic flow. For axi-symmetrical problems such as this, it is 
still possible to use independent variables based on the shock positions and rays. 
The only modification of (2) would be the replacement of A by A/r, where 2 is the 
distance from the axis of symmetry, and the addition of the equation 
7 


an M cos@ 
a 


QY| @® 


to determine 7. But, it will be more convenient to work directly from (9) in the 
(x, 7) plane. 
In terms of M and @, 
cos @ sin 0 
t-=——~—, %=——, 49 
oy & i 


0 (sind 0 (cosé 
9 ‘ bef) (cca) (mpc | (eee Pa 50 
0 that = ( 7) 5; ( i) (59) 
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and, from (9), 
0 /rcos °) " c 
Ox A or 


nee 
a ae )=0 (51) 


In the problem of diffraction by a cone, the only parameters prescribed in the 
problem are the initial Mach number J, and the cone angle 6,,; there is no length. 


Hence in the solution, JJ and @ must be functions of the single variable 
y = tan! r/x. Then, (50) and (51) become 
1dM _ rae) pV (52) 
M dyn et dy’ mT 
1dA MdA\1dM_ {dé tan@ - 6 
== —_ = _ — — == - b: — = 
A dy AdM]M dy _ \dy "sin n cosy (1+tany tan 6)| satin ili 


(53) 
The disturbed region is separated from the uniform region in which M = M). 
9 = 0 by a shock-shock at which is equal to the shock-shock angle y and the 
relations (38), (39) must be satisfied. So the solution of (52) and (53) is required 


such that 


G=6, B=, 
M? — M?)} (A? — A?)3 
tan@, = a Pe ee oe (54) 
A,M,+A,M at 7 =X. 
A, (Mi-M\? 
tany =—°(~ 3 ‘ 
M, \ A} - A? 
and 4 = 6,, at the cone 7 = G,,. (55) 


These are essentially two boundary conditions since x is not known in advance. 
The procedure for finding solutions for given J, is to choose a value for J/,, then 
yand @, can be found from (54) and the pair of equations (52) and (53) integrated 
from 7 = x down to the point where it is found that 0 = 7. This point must be the 
surface of the cone and it gives the value of the cone angle @,,, which corresponds to 
the chosen value of J/,. 

If the strength of the shock wave is fairly large (M, > 3, say) the asymptotic 
form (43) may be used for the A-M relation and there is considerable simplification 
in the whole calculation. Most important of all, only the Mach number ratio M/M, 
is significant, and one calculation gives the solution for a given cone for all M,. We 
set M/M, = R, then A/A, = R-" and 


M dA ai 
AdM 


n. 


Hence, a single equation for 4(7) can be obtained from (52) and (53). We have 


dé tan@ 


_—— a ee eee (56) 
dy siny cosy (1+tany tan @) {n tan? (y—4)—1} 


1dR dé 


—— = ta —64)—. 7 
Rdy tan ( nf (57) 


and 
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The shock-shock relations become 


2_ 1)4 ie —2n)h 
tang, - (Fi- DEL) 
1+ RI" , 
’ at 7 = X. (58) 
ae 
tan ¥ = 
x 1— Ry 


To solve the problem a value of R, is chosen, the starting value of 6 at 7 = yis 
found from (58), and (56) is integrated to the point where 6 = 7. This common 
value is the cone angle 4,,. The Mach number ratio R can then be found from an 
integration of (57). 

The position of the shock wave at any time can be found from the solution for 
4(n), R(n) without any further integration. For a takes the form af(y)/Mb, so 


en l rf ier un « cos @ 
an = uv 1) 5s ?. ); sac R 


Ls f'(n) sin@ 
a4, = sin }) cos 1), UY] =~ ao 
" My R 
_ : cos@+sin@ tan? g 
[herefore, t(y) = : R ! : (59) 
t 


Hence, at time ¢ after the shock strikes the vertex of the cone, « = a,¢ and 


- 2 .. R 
Ut f(y) cos#+siné tan ri 
(60 
r a | 
— = ——tan7, 
it : 


gives the position of the shock wave in terms of the parameter 7. It should be 
especially noted that 2/Ujt, r/Ujt, the shock-shock angle y and the distributions 
of O and M/M, with 7 are all independent of M,. Thus, for a given cone, all shock 
waves go through exactly the same sequence of positions; the differences in U, affect 
only the time scale. 

The calculation has been carried out* for R, = M,/M, = 1-2, corresponding to 
), = 22-4° and a shock-shock angle y = 35-8°. The corresponding cone is found to 
be 7, = 28-8°. The change in # is very small; it rises only to 1-216 at the cone. The 
position of the shock is shown in figure 4, and the distributions of 9 and M/M, 
with 7» are given in figures 5 and 6. It should be remarked that since 9 and R do 
not change very much, this solution is quite close to the corresponding two- 
dimensional one of diffraction by a wedge in which @ and M/M, remain constant. 
As R, = M,/M, increases further, 7, increases and the changes in 6 and M/M, 
between the shock-shock and the cone get smaller. At the same time, the angle 
between the shock-shock and the cone decreases (from (58), ¥ > 0, as R, > ). 
As explained in Part 1 for the wedge problem, there is no critical angle at which 
Mach reflexion goes over into regular reflexion when the simple dependence of 
A on M is used across shock-shocks. 


* The author is indebted to Mr J. Engelhardt for this calculation. 
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FicuRE 4. Calculated position of shock wave in diffraction by a cone. 
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As R, decreases, the solution becomes less like the two-dimensional. When 
R, — lis small, corresponding to a slender cone with small angle 6,,, the changes in 
M/M, and @ across the shock-shock are of much smaller order in 6,, than the 
changes between the shock-shock and the cone surface. An analytic expression 
for the solution can be found in this case; it is included in the next section where 
the general solution is found for a slender axi-symmetrical obstacle of arbitrary 
shape. The jumps in W//.V, and @ across the shock-shock are found to be 


—-l= 18-268,| 
My - (61) 


7, = 41:0%,.  ) 
whereas at the cone # = @,, and 


NM. 2 | l | 
w_] = 6? !log — — 0-619}. 5? 
M, u log a] y] | (6 ) 


u 

Finally, it should be remarked that the shock-shock represents Mach reflexion, 
but the reflected shock wave is suppressed in this work. However, the strength 
and angle of the reflected shock wave at the triple point can be calculated from 
the values of 7, and J, using the shock-wave relations. 


3. Small perturbation problems 
For perturbations to a plane shock wave moving in the 2-direction with Mach 
number .V,, 


l ' 
a= (c+a@), 
My 
where «’/x is small. The linearized equation to be satisfied by «’ is the wave 
equation 
Po i Saat 2, Pe nang 
Cay + 2, — B*a,, = 0 


as found in (19). There are two main types of perturbation problem: (i) diffraction 
by thin or slender obstacles, and (ii) stability problems in which the initial shape 
and strength of the shock wave are given. An example of each is now considered. 


(1) Diffraction by a slender body 


If the perturbations are produced by a thin or slender obstacle, the boundary 
conditions are ¢(x+ ’)/on = Oonthe obstacle, and z’ = Oatinfinity. As explained 
already the solutions can be taken over from the theory of linearized supersonic 
flow. There is no point in copying down a long list of these. One example will be 
discussed here and the full range of possibilities can be seen by looking through 
a standard book on supersonic flow (for example, Ward (1955) or Sears (1955)). 

It is worth noting in some detail the important special case of diffraction by an 
axi-symmetrical slender body. If the cross-sectional area of the body at a distance 
x from the nose is S(x), the solution of (19), satisfving the boundary conditions, is 


1 fzx—-Br S’(é) 


2 =e —— a&. (63) 
2a Jo Vw)? — Br] 
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(This assumes that S’(x) is continuous.) In deriving M and @ from this solution it 
is important to notice that «’, and a, are not of the same order near the body. If 
the maximum slope 6 of the surface of the body is taken as a measure of the 
slenderness, x, oc 6, while a’, oc 6? log 1/d near the body. Therefore, in calculating 
M, the approximate expression 
chi. a oe, — fal +0 (o*log? ‘) (64) 
M, é 
should be used, instead of the simple linearized expression (17). This appears to 
be inconsistent since (17) was used in deriving (19), but the corresponding 
procedure has been fully investigated in supersonic flow and shown to give valid 
approximations. There is no trouble with @; it is simply given by a. Away from 
the body, both «;, and a; are O(6?) and the a, term in (64) can be dropped. 

The linearized solution does not include an adequate description of the shock- 
shock. Due to the linearization, the shock-shock degenerates into the charac- 
teristic 2 — Br = 0, but an inspection of (63) shows that x’, «/, «) are continuous 
there. When (2 — Br)/ris small, the expressions for «/, and a} may be approximated 


as ae M-—4M, ay F(x— Br) 
Ay = M) = /(2Br) ; 
(65) 
BF(x—Br) 
zy =U= »>P 
\ (2Br) 
l rr a gE LE 
where F(x) = A iad 


2m Jo V(e—-§) 
Since F(a) > 0 as 2 > 0, M—M, and @ vanish at x«— Br = 0 and so there is no 
shock-shock. This result arises because the true values of M— JM, and @ at the 
shock-shock are of smaller order in é than the typical ones and they get neglected 
in the linearized theory. The linearized theory can be improved to include results 
for the shock-shock by the method used in supersonic flow (see Whitham 1952). 
The improved solution has 


M V(2Br)’ 
BF(r) | 


M-M,_ F(t) | 
(67) 

6= 

in place of (65), where 7(x,7) has to give a more accurate approximation to the 


true characteristic than the linear T= 2—Br. On the characteristic curve 


T = constant, we have from (29), 


dx ; | ‘dm’ | {ne (UM -M\'\ 
ap en ee eee M-—M,)\+0l@, (——-2) |. 
a cot (9+ m) = cot my, aa +77 a 0) +0) i, | 


Substituting from (67) and using B = cot m,, we have 


da _ B— eF(ryr4+0(T), 
dr 2 r 
M, (dm 
thera Bo 2B) 22 | oe Foe | > 
ia ial dee 7 
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Hence, the improved approximation for 7 is 
«2 = Br—kF(r)r$ +r. (69) 


The shock-shock can be determined from the characteristics (69) exactly as in the 
supersonic flow problem. At the shock-shock 7 and r are related by 


» 


Tz. = kF?(r) [ Ff (T )dr ; (70) 


Together with (69), this gives the shock-shock curve; (67) gives the values M, and 
#, at the shock-shock. 

To supplement the results of the last section we may specialize the results of 
this small perturbation theory to the case of a slender cone. If the cone angle is 
#,,, then S(x) = 762,27. The linearized solution (63) becomes 


” 2 V[(2/Br)? _ 1] ” Pee | . “a 
= x02 2/Br cosh! (x, Br)}: (71) 
hence, a’, = —6?, cosh! gol wa 
a, = 6 B,/[(x/ Br)? — 1]. “4 


These quantities vanish at 2/Br = 1, and become 


5) 
a, = —# log BO 
w 
a= 6, 


at the cone where x/Br ~ 1/B0,,. Therefore, according to (64), the Mach number 
at the surface of the cone is given by 


M,,—M, 


= {6? 855-- 1 64 lov? - 73) 
vA (<2.log 5 10%.) + o(o4, log 7). (73) 


In the improved theory near the shock-shock, F(7) = 262,74; hence, (70) gives 
9204 r 
oe 
and the shock-shock is the straight line 


x = (B—3k?64) r. 


The shock-shock angle y is 


‘ ly ho a (sar \? m 

/= 3 3 1) ‘ 
XY = m+ 3B(B 2+ )jit+ dm),\ i (74) 

and the values of 6 and M at the shock-shock are 
M, (dm | 

6,=§ p24] I =f - ) | 74 75 
1 3B( Be + ) ~ B \am | i (75) 

M,—-M, _ ae ee _ ) his Pp 
“ro alae i. 


If M, is large, m, ~ 23-9°, B ~ 2-253 and M,(dm/dM), ~ 0 (see (48)). The results 


on 
for this case have been given in (61) and (62). 
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(ii) Stability of a plane shock wave 
In the stability problem, the initial position and Mach number distribution of the 
shock wave are given, and the problem is to determine the subsequent motion. 
Here. it is assumed that the initial position is 


and the initial strength is M = M,{1—g(y,2)}. 
where f and g are small. Then, with 


Oo = M,(x+a’'), 


we have (using (17)) a’ = fly,z), a, = gly, 2), 
initially. Strictly speaking, these are the values on x = —f(y,z), but it is con- 


sistent with the linearization already used to apply these initial conditions at 
t= 0. The solution of , ee ae 
Lee = Any + Xz, 
must be found subject to these initial values. 
The analogy with the two-dimensional initial value problem of acoustics is 
obvious, and the solution is well known. It can be written as 


rm La fin, Qdndé ff g(n, £)dn dg 
2m |Cx |} 4/[a? — B?(y —y)? — B2(C€—z)*]_ J J /[z? — B2(y — y)? — B2(f —z)*]}’ 


(77) 
where the integrations are over the interior of the circle 


B*(y — y)? + B2(€—z)? = x. 


In general, the disturbance given by (77) decays as it spreads out on the shock 
wave; if the disturbance is initially confined to a finite region, the decay is 
ultimately like x + for large x. For the two-dimensional disturbance discussed in 
Part 1 there is no decay according to the linearized theory. But certain non-linear 
features, related to the formation of shock-shocks become crucially important 
after a sufficient time. When they were included in the two-dimensional problem 
a decay like 2~? was found (see Part 1). Similar effects arise here and modify the 
ultimate decay law for an initially finite region from «’ oc 2-4 to a’ oc a-4 for 
large 2. No details will be given, since a very full treatment for the closely similar 
problems of sound waves has been presented in a previous paper (Whitham 1956). 
The linearized expression (77) should give a good approximation in general 
until a becomes quite large. 


4. Further applications 
As explained above, many problems could be posed and solved for the small 
perturbation theory simply by re-interpreting the large number of solutions 
available in linearized supersonic flow and acoustics. Two of the simpler examples 
have been given in §3, and others can be worked out as required. Generally 
speaking. however, these solutions for small disturbances will probably be of less 
25 Fluid Mech. 5 
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practical value here than in supersonic flow or acoustics, and the main emphasis 
should be on the solution of the full non-linear equations. For axi-symmetrical 
problems the numerical solution of quite complicated cases would be straight- 
forward. But even for the full three-dimensional problems, numerical methods 
become feasible in the approximate theory of this paper, since there are only 
three independent variables x, y, z. (This would seem to be out of the question in 
the exact formulation which involves all four variables x, y, z andt.) Furthermore, 
there are special cases other than axi-symmetrical problems, where similarity 
solutions apply and the three variables can be reduced to two. For example, in 
the diffraction of a plane shock wave by a flat plate delta wing at incidence, the 
solution must take the form 
ee of (¥, ), 
y = 


since there is no fundamental length prescribed in the problem. This type of 
example corresponds to cone field theory in supersonic flow. 

For genuine three-variable problems, the theory developed in §1 leads to 
partial differential equations which are very similar to those in the exact formula- 
tion of two-dimensional time-dependent gas dynamics and numerical methods 
devised for such problems could be used here. 


This paper represents results obtained at the Institute of Mathematical 
Sciences, New York University, under the sponsorship of the Office of Naval 
Research, Contract N6ori-201, T.O. 1. 
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The propagation of small disturbances in hydromagnetics 


By G. S. S. LUDFORD 


University of Maryland and Harvard University 
(Received 20 August 1958) 


This paper is concerned with the propagation of small initial disturbances in 
a conducting gas under the influence of a uniform external magnetic field. 

For a perfect conductor, there are three types of plane waves, each of which de- 
pends strongly on the angle at which the magnetic field is crossed. The modifying 
effects of finite conductivity are determined and, in the case of these waves, this 
is done uniformly for all angles. A general disturbance may be resolved into two 
parts, one of which satisfies a fourth-order equation and the other a fifth; for a per- 
fect conductor these reduce to second- and fourth-order equations, respectively. 

The free oscillations of the gas are examined when it is contained in a rectangular 
box, and, in particular, when the external field is very weak or very strong. For 
vanishingly weak fields the idealization of infinite conductivity proves to be 
inadequate. Finally, the initial-value problem is discussed. 


1. Introduction 

In this paper we consider the small perturbations of an electrically conducting 
inviscid gas at rest in the presence of a uniform external magnetic field. The main 
interest lies in fluids of high (but not infinite) conductivity, and in order to obtain 
all effects we do not neglect displacement currents. 

The system of eleven first-order linear differential equations governing the 
motion possesses two integrals (invariants in time) so that the effective order is 
nine. First we discuss plane waves which, in the context of forced oscillations, 
have been previously considered by van de Hulst (1951) and by Bafios (1955), but 
in each case with certain important limitations. The equations are found to divide 
into two sets, one leading to a quartic for the frequency as a function of the wave- 
length and the other to a quintic. Two of the roots of the quartic and one of the 
quintic give pure decay of which the main effect is the reduction of the initial 
electrical field, as measured in the local frame, to zero; this being required in 
a perfect conductor. For such a conductor the remaining two and four roots give 
the three possible modes of propagation of sinusoidal disturbances. One of these 
can be identified as an Alfvén wave; the other two cannot in general be distin- 
guished except on the basis of velocity.+ The damping effect of finite conductivity 
on these waves is determined (uniformly) for all inclinations of the wave front to 
the undisturbed magnetic field. For small inclinations the damping predomi- 
nates in two of the modes and the disturbances decay exponentially. 

Returning to the general perturbation equations, we show that, by suitable 


+ These correspond to Friedrichs’s (1957) transverse, fast and slow disturbance waves. 
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transformation, these also can be split into sets of four and five. Each set leads, on 
elimination of all but any one of the independent variables, to a partial differential 
equation of the same order. These orders reduce to two and four, respectively, for 
a perfect conductor; the second-order equation then being a one-dimensional 
wave equation and the fourth-order equation exhibiting similar strong anisotropy 
in the direction of the external field. 

We next examine a simple boundary-value problem in detail, namely, the 
standing waves in the fluid when it is confined in a rectangular box made of 
perfectly conducting material into which a uniform magnetic field perpendicular 
to two of the faces has been frozen. These waves, which consist of combinations of 
plane waves, are of three types: those corresponding to an infinity of frequencies 
associated with the Alfvén velocity, and two others distinguished by their 
symmetry properties about the median plane and having separate frequency 
equations. The resulting pair of distributions of frequencies are sketched for the 
two extreme cases of very weak and very strong external fields. In the former case 
the ordinary acoustic frequencies are obtained in the limit, half from one equation 
and half from the other, while all other frequencies tend to zero. 

The limiting forms of the waves themselves for the two extreme cases are also 
discussed, and here we encounter two interesting phenomena for a vanishingly 
weak external field. First, the last two types of waves become indeterminate if 
the conductivity has been taken infinite, but tend to definite limits for any finite 
conductivity (which may then tend to infinity). Secondly, for all waves the 
tangential component of velocity is zero on the two walls perpendicular to the 
external field, while no such condition need be satisfied in the absence of an 
external field. Such initial discontinuities in the latter case cling to the walls as 
vortex sheets, while in the presence of a (non-parallel) external field they im- 
mediately move away. We conclude that. however large the conductivity of the 
fluid may be, the idealization of its being perfectly conducting is not good in the 
case of sufficiently weak external fields; and that however weak the field, a vortex 
sheet can only remain adjacent to walls which are parallel to the field. 

We conclude with a discussion of the general initial-value problem and the 
determination of Fourier coefficients appropriate to the orthogonal system 
defined by the standing waves. 


2. The equations of motion 

We consider the motion of an electrically conducting inviscid gas in the absence 
of body forces and heat conduction. Further we shall assume that the material 
coefficients (permeability), € (dielectric constant), and o (conductivity) are 
constant. Then the equations governing the motion are 


C l 
fl = = —curlE, (J—p,Vv) = E+ypvxH, 
ct Co 
dv 
Pa = —gradp+p,E+yJ x H, p (1 


dS 1 
dt o 


(J —p,v)?. 


a+ divpv=0, pT 
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Here the temperature 7' and the specific entropy S are given functions of .the 
pressure p and density p, while p, (charge density) and J (current density) are 
related to the electric field E and the magnetic field H by 
: oE 
p.=edivE, J= curl H—e—. 


C 


The system (1) consists of eleven first-order equations for E, H, v, p, p and we only 
admit solutions for which 
div H = 0, (2) 


this condition being satisfied at all times if it is satisfied at any one instant since 
¢H/ct is solenoidal. 

If the deviation from a given uniform state E = 0, H = Hy, v= 0, p = pp, 
p = Po is small, so that we may neglect squares and products of disturbance 
quantities, the system (1) reduces to 


(a) ub =—curlE, (6) <3 = E+yv x Hy, 


A 





(c) Po - = —gradp+yJ x Hy, > (3) 
a 
(d) = +p,divv=0, (e) a ~aa = 0, | 
ct cl ot 


where H, p, p now denote deviations from Hp, po, p, and 


iS (ae) - (7?) 
' oS /ep, Do, Po dp S=S) 


From (3e) we see that, except for a function independent of ¢, 


i 
p= aaP- (4) 





In view of the integrals (2) and (4) the effective order of the system (3) is nine. 


3, Plane waves 

These were considered in detail first by van de Hulst (1951) and later by Bafios 
(1955) for the simpler case of forced oscillations. Since neither of their treatments 
is readily adaptable to the present discussion we shall briefly derive the salient 
features here ab initio. In particular, we shall contrast the case of a good con- 
ductor (o large) with that of the more familiar poor conductor (¢ small). 

Take the x-axis along the direction of propagation and let the zx, y-plane 
contain H,: then H, = (H,cos¢, H,sin ¢, 9) where ¢ is the angle at which the 
waves cross the undisturbed magnetic field. With all variable proportional to 
exp 7 (wt —xx) and the same symbols used for the factors, the equations (3) divide 
into two sets, I and II, involvingt 


I: E,, E,, Hy,v, and II: EH, H,,v4,v2,p (andp), (5) 


+ Subscripts 1, 2, 3 denote x-, y-, z-components consistently throughout this paper. 
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respectively. Thus we find from equations (3b,),} (3a), (3b,), and (3c,): 
fH, sin } 
(1 + i9w/c?) 
(I) - E & in(x* = “) H,+KH,cos dv; = 0 


43 
— sin? 3) v, = 0, 
C 


a 


BR, = », B=—H, 





(?— =) (1+ wi) AB cos @H, +onH,(1+" <a 
respectively, where c? = 1/e, Aj = “H3/po, and 9 = 1/uo (magnetic diffusivity). 
Similarly, from (3a,), (3d), (3b), (3c,), and (3c,) we obtain 


( : -M 7) a : Pok 
Ek, = H,, p= — Vy 


@ 


‘ [ vin (KF | H, — KH) sin $v, + KH, cos Pv, = 
(11) 


his w 2.: ‘ 9 
w (x? --, Ag sin fH, + K(agx? — w?) Hyv, = 0, 
ce 





(x25). A’ cos 6H, + wk Hv, = 


respectively. The remaining equation (3a,) gives H, = 0, in agreement with the 
requirement (2). 
The dispersion relations corresponding to these two systems are 


2 42 {2 2,2 2 
. 7 _u F MAING oon no a A 
(i) Tew! (2+ *) «3 —(1+= a 8 Te) ot tinct (1442) 0 
Cc c* c* } 
+ Agx® cos? d = 0, 


2 42 \ 
” in ; : ~«. GA ; ; 
(ii) I > + (145 1) ot ign? (14° 8) os 12 (a+ 43 + OM cost) 

e c? 


+ inksag w + Kta2 Ag cos? d = 0. 
In the first case there are, in general, four possible values of w for each given k, ¢, 
‘ and in the second case five. The total of nine corresponds to the eleven original 
equations less the two t-integrals (2) and (4). We shall see that two of the roots 
in (i) and one of those in (ii) correspond to pure decays; the remainder (two and 
four) represent damped sinusoidal waves, which are in general neither transverse 
nor longitudinal. 


From (5) we note that E is always perpendicular to both H and v, these being 
parallel vectors in case I. 


4. The extreme cases 
(a) Insulator. For a perfect insulator 7 = 00, and we find 
I: w=teK; E,= + (n/e) HH, £,=2,=0, 
rT: . =+cx; H,= FJ/(z/e) oH, 1. =.= p=0, 


I 
Ss) 
I 
Ss 
I 


W= +4 K; P= +PoA, E, 


+ (36,) is the x-component of equation (35), ete. 


fs 
} 
t 
; 


The 
elect 
(lon; 

ny 


dim 


The 
stat 
dam 
part 
orde 


whe 


whe 


A sk 
Alfv 
E pe 
wav 
tudi 
tion 


In fe 
and |] 
appr 


wher 





the 


ing 


The propagation of small disturbances in hydromagnetics 391 


The field H, is purely additive. I and the first of II are ordinary (transverse) 
electromagnetic waves and can be added. The second of II is an ordinary 
(longitudinal) acoustic wave. 
For a good insulator and all but very small wave numbers (i.e. when the non- 

dimensional quantity 7x/c is large) these frequencies become (to order 1/7") 

I: w= +cx+i%c?/2n, 

I fo=t cK + ic?/2n, 
lw = +agk +iA8 sin? }/2y. 
The damping of the electromagnetic waves is independent of the undisturbed 
state and is the same as for a rigid body. On the other hand, the (much slower) 
damping of the acoustic wave does depend on the undisturbed state and in 
particular is zero for ¢ = 0. In addition, three other roots now occur, given (to 
order 1/9) byt 


f- fe 


lw =ia,c?/y; E, = [wHysing/(1—a,)] v3 = “Hsin dvs, 


[wHysin d/(1—,)] vs = (Poe?/Hysin A) vy 


ia al 
1a,c7/n; E, 


Il: w=iAzcos?d/y: vz predominates, 
where 
1 / 4c? Af cos* ¢ Aj . Aj 
hy, he = ae 1+ L- 8 °) + 1—~*sin? J, —° cos? ¢. 
2 (c?+ AG)? , c* c* 


The first of I reduces to the familiar charge decay for small H, (or ¢). The other 
two are then essentially (much slower) velocity decays. 
(b) Conductor. For a perfect conductor 7 = 0, and we find 
I: w= +(A,cosd)k; E,/uH,sing = —E,/uH,cos¢ = F (Ao/Hp) A; = v3 


(approx.), 


y. {e=t VOx) EF, — FH,  (a—V?)x, Ve 
' (wo =+V@%x)’ HV H,  A2Vsind  A2cosd 
ay — V? 
= + (2 )P (approx.), 
az Ak p, V sing 
where V = V, V@ are the positive roots of (approx.) 


V4— (a3 + Ag) V2 +5 Aj cos? d = 0. 
A sketch of V® and V® as functions of ¢ is given in figure 1. I gives so-called 
Alfvén waves which progress along the H)-direction with velocity + Ay and with 
E perpendicular to H, as well as to H. For ¢ = 0, II represents the same Alfvén 
waves, now transverse and rotated through 90° about the z-axis, and (longi- 
tudinal) acoustic waves with velocity +a). For other valuest of ¢ such a distine- 
tion has meaning only when 
A,<€<a@: V%=a, VO 
In fact for Ay>a@: V®=A4, VO 
+ Of the quantities (5), only those of lowest order are listed here [e.g. in I, H3/v, =O(1/7) 
and hence H, is omitted]. Also Ag c will be neglected in comparison with unity whenever 
appropriate (indicated by ‘ » apeoel or * =.’). 


{ For fixed ¢ and Vlap+A 4%), the root V™ has a minimum and the root V a maximum 
when a,= A, (ef. fe 1). At this point the two waves for 6=0 interchange. 


II 


A, cos @. (6) 


a, cos ¢, (7) 
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the velocities a), Ay have changed roles, without however a corresponding inter- 
change of the other characteristics of the waves. 

For a good conductor and all but very large wave numbers (i.e. when the 
non-dimensional quantity #/«/c is small) the damping is determined (approx.) by: 
w? — ink®w — Kk? Aj cos? d = 0, 

1 jnk?w? — (a2 + A?) K2w? + inktadw + K4a5 Aj cos? d = 0. (8) 
respectively. From the first of these we find immediately: 
(442 cos? db — 97x?) + ink] (cosd > 9K/2A,). 


& one 
cs 


Le 
kik sce + ,/(y?x? —- 4A cos? d)] (cos < 9k/2Ap). 





V 
wae: a 
_— 
wnt V 1 

max. ere 

ao, Ao)| 

min. | _ 

ag Ao) a ae 

Tess, 
uc, 
ic ed 


— —= Sait teks aati 


30 60° 90° 
FiGuRE 1. The velocities V and V®) as functions of the angle ¢ between the 
undisturbed magnetic field and the direction of propagation. 


The second yields the damping of the V-waves as an 9-perturbation. Having 
found this perturbation, we take out the corresponding factor from the left-hand 
side of the equation and are left with 

w* — ink? F(d) wo — VO? = 0, 


j F() ye _ 42 az — Ver 

where ~) = sy a= ae 9 
. 9 VY (2 2 2 24 2.6 2) 

: 2V%2_q§—Ap ap+Ag-—2V°? 


as the equation governing the damping of the V®-waves. Hence we find 
w = +V%K + donk?(1—F), 
1. [Alt VAD yPePF) tig] (VP > dye).t 
" ( dtq[ yk + (92K? FP -4V8?)]  (VOQ/F < 49k). 

For Land the second of II there isa range of values near ¢ = 37 where the damped 
waves turn into pure decays. In all cases, when ¢ is small the damping factor 
changes rapidly near a) = Ay. There is no damping of the acoustic wave (¢ = 0) 
and for ¢ = 47 two of the four decays stop. These last results are in fact exact 
see (i) and (ii). 


+ Using the approximation V®@=a,A,cos $/y(aj+A$) near 6=47 these condition 
become cos 62 79Ka)/2Ay V(0§ + 49). 


t At 6=0, F jumps discontinuously from 1 to zero. 











r inter- 


en the 
x.) by: 


=x 


aving 
-hand 


mped 
acto! 
= 0) 
xact 


|itions 





The propagation of small disturbances in hydromagnetics 393 


As before, there are three more roots now, given (to order 7) by 
wo =1?/n; E,/cosé = £,/sing, 
‘ (° = ic?(1 + Ag/e?)/n = ic?/y; E,/sing = — E,/cosd = —(pyc?/Hy) vs 
II: w@ = ic?(1 + Aj/c?)/n = ic?/n; ~(Hy/poc?) LE, = v,/sind = —v,/cos¢. 
Together these correspond to (very fast) decays in E and v x H, in which the total 


momentum p,V+(E x H,)/c? remains constant (zero). We shall return to this 
point later. 


5. Splitting of the general linearized equations 

The division of plane waves into two sets has its counterpart for the general 
flow governed by equations (3). To show this we introduce new Cartesian co-ordin- 
ates, where now the y-axis lies along Hy. Also we denote by @, 6, A the divergences 
of E, H, v using x- and z-components only: 


0h, 0B 0H, oH, ev, ev 
Gate, tase, Ae 
Cx C2 Cx C2 Cx (ord 


Then for £,, @, curl, H, curl, v the following four equations hold: 

2 \ cE 7 ) 

(v: —-= :) E,- = — fl = curl, H = 0, 
oy*} “ oy ct a 


(” +1) By- uy curl, H = 0, 





, SA (9) 
(75+ 1] (=*+9) + “H, curl, v = 0, 
c* ot } \ cy 
] A) 
athe curl, H-£ ° = curl, v=0. 
c? cy o ot 


The first and fourth of these are the y-components of the curl of (3a) and the curl 
of (3c), respectively; the second is the same component of (35) and the third is the 
divergence of that equation. 

Similarly, for curl, E, H,, 6, v., A, p we find the six equations 


nO sad a 
(cegit}) curls + wn V*H,— Hd = 0, 


0 (ay , (10) 
2 a el / z By = ( 
« eutl, 2E+yV"H, ey +A) +77 ), 


ep. 
—+ + = 0). 
port (7 ra 


a 
oy 


+6 = 0. 
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Here the first and third equations are the y-components of (3a) and (3c) respec- 
tively, and the second is the same component of the curl of (35). The fourth is the 
divergence of (3c). The fifth is just (3d), after (3e) has been used, and the six this 
the integrated form of the divergence of (3a) (see equation (2)). 

Thus each of (3a)—(3d) has given rise to as many equations in (9) and (10) asit 
has components, and the order (nine) of these in the t-derivative is just two less 
than that (eleven) of the original system. 

3y eliminating the other three variables from (9), we find that each of u = E,, 
4, curl, H, curl, v satisfies 


ra nC AB) a a2 P a 
—+]+— saa arena = ile 
alee +2) ("am “)~ Ap 3] @ (11) 








note that for 7 = 0 this is a one-dimensional wave equation. Similarly, by eli- 
minating all but one of w = curl, E, H, 6, v,, A, p from (10) we find 


of 


la (caae—Y \ (5 Sl }+(e am 


~ aj, A? 0? | 
- (8+ Ave + BE << =a) 5 ap or v2 i[u= 


cy? 
The two operators reduce to the left-hand i of equations (i) and (ii), respec- 
tively, on setting ¢/ct = ww, V? = —k?, c?/Cy? = —xK* cos? ¢, as they should. For 


n = O, the order of the first in the t-derivative reduces from four to two, while that 
of second changes from five to four. The combined loss of three corresponds to the 
fact that (3b) reduces to the algebraic relation 

E+,v x H, = 0 (12) 
for a perfect conductor, so that E can no longer be initially prescribed indepen- 
dently of v. For small 7 the corresponding relaxation of the initial conditions is 
asymptotically represented by the three modes of decay discussed at the end of 
the preceding section.t 


6. Standing waves in a rectangular box 
Suppose the gas fills a rectangular cavity (x = 0,a; y= 0,6; z = 0,c)i in 
a perfectly conducting rigid body into which is ‘frozen’$ a uniform magnetic field; 
let the corresponding external field in the cavity be H,. Since we must allow the 
possibility of surface currents for a perfect conductor, the tangential component 
of H is not necessarily continuous across the walls of the cavity. Thus, whether or 
not the gas is considered to be perfect, the complete set of boundary conditions is 
E,= E,=H,=v,=0 on z=0,a, 
E,=E£,=H,=7,=0 on y= 0,6, (13) 


i,=f,=H,=1,=0 on 2z=9,¢, 


A fuller account has been given by Ludford (1959). 
t No confusion arises from this second use of ¢ since the old A?/c? will be automatically 
neglected in the remainder of this paper. 
§ For a perfect solid conductor Maxwell's equations integrate to give E=0 and H 
independent of ¢t. In the present case this has the effect of isolating the oscillating gas. 
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expressing the continuity of the tangential component of E and of the normal 
components of “H and v. 

By virtue of Maxwell’s equation (3a) the conditions on H are satisfied whenever 
those on E are satisfied. Moreover, for a perfectly conducting gas: L, = 0, the 
vanishing of #, on the x-faces is implied by the vanishing of v,, and similarly for 
E, and v, on the z-faces [see (12)]. Thus for 7 + 0 there are only eighteen effective 
conditions in (13), of which eight are automatically satisfied by virtue of the other 
ten when 9 = 0. 

Since the modifying effects of non-zero 7 have already been sketched in § 4 we 
restrict the discussion now to 7 = 0. Separation of variables then leads to the 
following solutions of (9): 





n my . ) 
H, = Hy F(x, z) cosm un ett 
mn , my . 
Hi, = a 5 Hy, F(x, 2) cos m > o 
v) y) 
E , > (14) 
3 . ~~ aa 7 ° 
» = ——* = wl (z,z)sinm—e, 
a Dl a all 
E, , Ty . 
ve = —— = —WF,(x, z) sinm—e™, 
3 py ak )s b 
3 ali mm, | : 
where in agreement with (i) a Ay: (15) 


inaddition £, = H, = v, = p = 0. Inorder to satisfy the boundary conditions on 
y, and vs, the otherwise arbitrary function F(z, z) must vanish on x = 0, a and 
z= 0,c; the sin mzy/b, with m a non-negative integer, in £, and EF, follows for 
asimilar reason. Note that H and v are 90° out of phase, and that we have ensured 
curl, E = 6 = A = 0 [equations (10) must also be satisfied]. 

Similarly. we find product solutions of (10): 


i : . =e 1z . } 
H, = —i— Hyg’ (y) sin! — cosn— e™, 
wa a c 
aw/(P nx 1x a 
H, = —(|—{+5 H,g(y) cos — cosn — e™, 
7 oe Se, a c 
» fe. We, 
H, = —t— Hyg'(y) cos! — sin n — e™, 
3 0 
‘ Ww a c 
E. l . AE Nz. 
v, = ——+ = -9(y) sin! — cosn— e, , (16) 
pH, a*~ a c 


2 n? 12x NZ , 
Vs = n(—+! | fly) cos t= cos n — et, 
\a* a c 


’ 





2 * ” g(y) co 12” sin nw eiot 
jg = = el— — givt, 
+ pile o WY a c 
ss (+72) 7 )+g(2 \Jcos] cos n —~ et 
o = —p, a2 |—+—5 1 sl —cosn — e, 
I Pe 0 az C2, JW gy a c 
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where af" +uft+apg’ = 9, | 
ft n\ «., oe ee ae | : = , (17) 

1 fas = +3 ab f — Avg + G (— = 2) (ag+ A?) — | g = 0, | 
and f(O) = f(b) = g(0) = g(b) = 9, (17') 


by virtue of the boundary conditions (13) on v, and H,; also Z, = 0. Here / and x 
are non-negative integers and the sin l7z/a, sinn7z/c in v,, vs follow from the 
boundary conditions, while this time we have to take 0 = curl, H = curl, v = 0. 
Note that H and p are 90° out of phase with v. 

On setting f and g proportional to e’*Y in (17), we find that (ii), with 7 = 0, 


[2 n? ; a 
K2 = k24 7 | - +} ). and «?cos? = k?, must be satisfied. For each w (to be 
a Cc 


determined), /, n, there are four possible k’s, say +k”, + k®, given by the roots of 


n (5 s _ af ve ) ott +08 


i a 2 2 
Ge a5 «AG 


ee 


w | | : l - [? *] 0 
—-I + I I+Ss :@ 
aA \a@ Az a® ¢?, 


(18) 


kA 4 








In order to satisfy the boundary conditions (17’) with a linear combination of the 
four pairs of corresponding functions these roots k”, k® must either satisfy 


tan Lk D k)(a2 (D2 — wy?) 


a = ae a (19) 
tan hk@b = kag hk? — w?) 
in which case (except for an arbitrary constant factor) 
f = sin $k bsin k®(46 — y) — sin $k sin k?(4b — y), 
2 J(1)2 2 2 J.(2)2 2 (19 
agkh2—w . agk??2—w , 
. 112) h ane KD/ 1 c 1 }.(1 » [2 
gq Pye Lk® b cos kk (4b —y) — pe) 30 $k) bcos k@(4b—y), 
0 0 
tandk)b = (a2 k22 — w?) 
or else 12403, Ul.8 ws —s (20) 
tan $k2b kag k®? — w?) 
when 
f = cos $k™b cos k (4b — y) — cos $k cos k? (4b — y), ] 
2 741)2 9 2 7.(2)2 9 oO 
ag kh)? — w? eatin as k@)2 — w? ca (20 
ins, p  €08 $k™ sin KP($b — y) + al i Cos $k sin k®(3b —y). 
a5 ki ) < - ay k ~ 2 “ 


Each of the solutions given above involves surface currents, given by the 
tangential component of H rotated in the face through 90°, and surface charges, 
measured by the value of the normal component of E. 


7. Distribution of frequencies 


The values of w for the standing waves (14) are given explicitly by (15); they do 
not depend on dp, nor on the form of F. On the other hand, the two sets of values 
of w for the waves (16) are determined implicitly by (19) and (20), and depend on 
Ll, n, Aj, Ag; we shall now determine the nature of these last distributions for the | 
two extreme cases of very weak and very strong magnetic fields Hy. 
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When / = n = 0 equation (18) gives k® = w/ay, k® = w/A, and then (19) and 
(20) together vield 


mm 

tan $k% = 0,00; w= pt (21a) 
mar 

tan $k?) = 0,0; w= - Ao. (215) 


where m is a non-negative integer. With these in mind we consider in turn: 
(a) Ay < a. For the frequencies with wb/a, of order A,/a) we find from (18) 


kO=—, MM= a7 (say). 


‘I? n? LK 
Ay Jat) ~' 


b 
correct to O(A,/a,). Thus when / and x are not both zero, equations (19) and (20) 


reduce to r 
o=—6. @ lo = + Lk, (22) 
; 5} 


Graphs of 6 cot $6 and 6 tan 46 show that for each /, n there is alternately a root of 
one of this last pair of equations in every interval (7, 27), (27, 37), ..., and that in 
each interval the roots converge monotonically towards the left end-point as 
K increases. The large roots must be excluded in forming the corresponding w’s 
and to the latter we must add (216) which correspond tol = n = 0. 

On the other hand, when wh/a, = O(1) we have 


0) ‘Ww ir # 
kO=—, M= <7 —n* | at a) ’ (23) 
A, a ee eF' 


correct to O(1). The right-hand side of (19) is now O(a,/A,) and may be taken 
infinite: similarly. the right-hand side of (20) is effectively zero. Thus either 


m7 : 
tan 34% = 00,0; w= a: A, foralll,n (24) 
) 
_— w if 2 , 
or else tan 4kb = 0.m: == 7 ( mig see g =) : (25) 
- a5 a? eC 


The frequencies (24) apply when m is O(a,/A,) (according to our assumption) and 
give the continuation of (22). The second set (25) is the same as for ordinary 
acoustic waves in the region. 
(6) Ay > ay. If wb/ay is O(1) compared with ay/ A>, we have 
0) . «. [ff . # 
kD) —=-—, -2 in / at 5) 
afi) N \@ 
correct to O(a 9/A,y). Now (19) and (20) become tan $k% = 0 and tan $k%% = x. 
respectively. and so 


7 : 
= = dy, for all J, n. (26) 


However, when wh/a, = O(A,/a,) the wave numbers are 


7B) w* (2 n2\ 
j@ — J = | hares 
=—, @= aa alalt Soot che 

Ay yi a a 
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correct to O(1). As before, but this time to a higher degree of accuracy, we may 


take “ 
m 
tan $k% =0,0; w= pM for all 1, n, (27) 
. b 
w rw + 
an Lh = o . <= ae leas apis 9 
tan kb = 00,0: gs 7 wo pte ). (28) 


In the first of these m must, for consistency, be large, and we obtain the continua- 
tion of (26). 

The most important point to notice is that a) and A, have now changed roles 
|compare the remarks concerning (6) and (7)]. 


8. Limiting forms of the waves 


It is of some interest to sketch the forms of the standing waves for the two 
extreme cases (a) and (b) discussed in the last section. 

(a) Ay < a. The waves (14) give no trouble. From (15) we find w — 0 as 
A, — 0 for every m, so that the pairs H,, H, and v,. v, become independent of t (we 
factor out H, to avoid all except £, and F, becoming zero) and of each other. This 
is in agreement with the integrals: curl v = const. (in time) and H = const. (in 
time) of equations (3) fora = «and HM, = 0. However, we note that in the limit», 
and v, still vanisht on y = 0, b whereas no such boundary conditions are required 
for H, = 0 (ordinary acoustic equations govern v). The corresponding vortex 
sheet which clings to a y-face when H, = 0 propagates as a transverse wave dis- 
continuity [in the sense of Friedrichs (1957)] with velocity + A, along the 
y-direction when H, + 0, and suffers successive reflexions at y = 0, b. This follows 
immediately from the fact that curl, v satisfies (11), which for 7 = 0 is the one- 
dimensional wave equation. 

A similar thing happens in the limit, for the frequencies of order Ay, with the 
waves (16). The triples H,, H,, H, and ,, v,, v3 become independent of t and of each 
other, while £,, £, and p tend to zero, the last (p — 0) following from the fact that 
f' +g tends to zero like A? [see the first of equations (17)]. Again the vanishing of 
;, and ”, on the y-faces occurs and is reconciled with ordinary acoustics in a similar 
way. 

More care is required with the frequencies which are of order unity. According 
to (23) these involve values of k® which tend to infinity like 1/A,. so that f andg 
become indeterminate. The difficulty is due to the order of the limits: 9 — 0, 
H, — 0 and is resolved by interchanging them. Thus for small 7 + 0 and A, > 0. 
the dispersion relation (8) with K? = 7?(/?/a? + n?/c?) + k? and x? cos? ¢ = k? yields 


Me [Pa-i, w= [|e (E+) 


in place of (23). With these, the frequencies in (24) are replaced by 


/ 





m7 
w = t—— 9. (29) 


+ From (12) and the fact that the tangential component of E must be zero, we see 
that v vanishes at any perfectly conducting rigid wall not parallel to Hp. 
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while (25) are effectively unaltered. The values of w given by (29) decrease with 
and can be expected to tend to zero, so as to give the same results as in the last 
paragraph. For the remaining values of w the forms (19’) and (20”) are still correct 
in the limit 7 > 0, and on dividing through by the exponentially large sin k™, 
and cos kb, respectively, we find the limiting forms 
f=-—sink®(}b-y), —cosk®(4b—-y), 
2(J2/q2 +. n2/¢2 2(J2/q2 4. 92/2 
g= v oe el twee k®(4b—y), = “i —— ii k@(4b—y), 

except fory = 0,b. Then u,, £3, H,, H,, H, vanish in (16) and 2, v2, v3, p are related 
in the same way as for acoustic waves (sin kb and cos kb are respectively zero). 
Again the limit forms of v, and v, do not vanish as the y-faces are approached. 

(b) Ag > ao. The situation here is more straightforward. In (14) the components 
E,, E, dominate for large H,, and a high-frequency electric wave results. Similarly, 
for the frequencies (26), g is O(a,/A,) and f = O(1) so that in (16) v, and v, may be 
ignored in comparison with the others. For the higher frequencies (27) the com- 
ponent H, may be dropped as well. In either case the result is a wave for which the 
fluid essentially oscillates in the direction of the undisturbed magnetic field. 
Finally, the frequencies (28) lead to functions f and g whichare both O(1). Again the 
components #, and £, predominate so that a high frequency electric wave results. 

In particular we note that the pressure fluctuations are still carried by the waves 
with velocity ay. 


9. Orthogonality and the three types of wave 

We conclude with a few remarks concerning the solution of the general initial- 
value problem for the present case. 

It follows from the work of Bernstein, Frieman, Kruskal & Kulsrud (1958) that 
velocity vectors Vv’, v® of standing waves with different frequencies are ortho- 


gonal.t i.e. +h 


rs ee 
| | | [oP + vr? + oy] dxdydz = 0. (30) 
0/0 J0 


Thus, assuming that we are dealing with a complete set of functions, we can in 
principle solve any initial-value problem by expanding the (assumed) given values 
of v and év/ct at t = Oin (vector) Fourier series, making use of this set. Note that 
the initial value of ¢v/ct follows from (3c) when H,, H,, H, are specified (consis- 
tently) together with p. 

Such an expansion can be broken down into three separate ones, each of which 
has a different interpretation. From the initial values we first form curl, H and 
curl, Vv and expand them in half-range (0, b) cosine and sine series, respectively, in 
y. The pairs of coefficients (functions of x, z) then determine separately the pairs 
of arbitrary functions F in the general standing waves formed from (14): each F is 
determined by a two-dimensional Poisson equation and zero boundary values on 

= 0,aandz = 0,c. Inthis way we find the contribution to the complete solution 
arising from the frequencies (15). 

Next we note that the functions f and g in (19’) are odd and even, respectively. 


+ This is approximate. In the exact relation the first and last terms in the integrand 
are multiplied by (1+ A}/c?), where ¢ has its original meaning. 
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about y = 4b, that the reverse is true for the functions (20’), and that Hg, v,, A, 
ep/cy as given by (16) have factors g and f alternately (from the first of equations 
(17) the factor f” +g’ in ep/cy is a multiple of f). Moreover, H, is in phase (or 180° 
out of phase) with p and both are 90° out of phase with v, and A, so that initial 
values of H, and p correspond to one of the coefficients in the general standing 
wave formed from (16) and initial values of v, and A correspond to the other. 

The procedure is now clear. We form v, and A from the given initial values and 
take their odd and even parts (about y = 35), respectively. The resulting func- 
tions are then expanded in half-range (0, a; 0, c) cosine series in and z, the coeft- 
cients being functions of y. Each pair of coefficients v,(y; l,n) and A(y; 1, n) 
must now be expanded in series whose general terms are of the form af(y), «g(y) 
with f and g given by (19’). The value of « is obtained by multiplying the first 
series by 7?(/?/a? + n?/c?) f(y) and the second by g(y). adding, and integrating from 
0 to b br [2 n2 


7? (— +) valys Lm) fly) + Aly; Lm) gly) 
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dy 








/ 





JP ler 


as 
This follows from the orthogonality relation (30), which for velocity vectors 
corresponding to pairs of functions f, g and f®, g? with the same 1, n reduces 
tot 


/) 





7 a +5 ) f f+ gg} dy = 0. 
; Gc ¢ 





#0 
The value of « determines one of the coefficients mentioned at the end of the last 
paragraph and the other follows from a similar analysis of the even part of H, and 
the odd part of ¢p/cy. 

In this way we determine the contribution arising from the frequencies satis- 
fying (19). The remaining part of the solution, corresponding to the frequencies 
satisfying (20), is obtained from the even parts of v,, ¢p/cy and the odd parts of 
H,, A using now (20’) for f and g. 
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Cellular convection with finite amplitude in a 
rotating fluid 


By G. VERONIS 


Woods Hole Oceanographic Institution, Woods Hole, Massachusetts 
(Received 3 July 1958) 


When a rotating layer of fluid is heated uniformly from below and cooled from 
above, the onset of instability is inhibited by the rotation. The first part of this 
paper treats the stability problem as it was considered by Chandrasekhar (1953), 
but with particular emphasis on the physical interpretation of the results. It is 
shown that the time-dependent (overstable) motions occur because they can 
reduce the stabilizing effect of rotation. It is also shown that the boundary of 
a steady convection cell is distorted by the rotation in such a way that the wave- 
length of the cell measured along the distorted boundary is equal to the wavelength 
of the non-rotating cell. This conservation of cellular wavelength is traced to the 
constancy of horizontal vorticity in the rotating and non-rotating systems. In the 
finite-amplitude investigation the analysis, which is pivoted about the linear 
stability problem, indicates that the fluid can become unstable to finite-amplitude 
disturbances before it becomes unstable to infinitesimal perturbations. The finite- 
amplitude motions generate a non-linear vorticity which tends to counteract the 
vorticity generated by the imposed constraint of rotation. Under experimental 
conditions the two fluids, mercury and air, which are considered in this paper, will 
not exhibit this finite amplitude instability. However, a fluid with a sufficiently 
small Prandtl number will become unstable to finite-amplitude perturbations. 
The special role of viscosity as an energy releasing mechanism in this problem and 
in the Orr-Sommerfeld problem suggests that the occurrence of a finite-amplitude 
instability depends on this dual role of viscosity (i.e. as an energy releasing 
mechanism as well as the more familiar dissipative mechanism). The relative 
stability criterion developed by Malkus & Veronis (1958) is used to determine the 
preferred type of cellular motions which can occur in the fluid. This preferred 
motion is a function of the Prandtl number and the Taylor number. In the case 
of air it is shown that overstable square cells become preferred in finite amplitude, 
even though steady convective motions gccur at a lower Rayleigh number. 


Introduction 

The columnar structure in figure 1 represents the manner in which the boundary 
of a hexagonal convection cell in a fluid is distorted by an imposed uniform rotation 
of the entire system. The distortion plays an important role in the determination 
of the finite amplitude effects in the convecting fluid. We shall study this geometry 
of cellular convection as part of a more general investigation into the nature of 


cellular convection in a rotating fluid. 
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The constraint of rotation is, of course, only one of a large number of externally 
imposed constraints to which a fluid may be subjected. Yet a detailed knowledge 
of the constraining effect of rotation and of the finite-amplitude behaviour of the 
rotating fluid may provide an insight into the mechanism of a broad class of 
problems in which the system is constrained externally. 


2 








FiGuRE 1. A perspective sketch of a hexagonal convection cell 
as it is distorted by an imposed rotation of the fluid. 


As a starting-point for this discussion, we have available several previous 
studies. The stability problem has been investigated theoretically by Chandra- 
sekhar (1953) and by Nakagawa & Frenzen (1955) (hereafter these papers will 
be referred to as II and III respectively), and experimentally by Nakagawa 
& Frenzen (1955) and by Fultz & Nakagawa (1955). Finite amplitude cellular 
convection in a non-rotating fluid has been considered by Malkus & Veronis 
(1958) (hereafter referred to as 1). The questions which we may hope to answer 


in this paper may be posed more clearly in the light of these investigations. 
When a horizontally infinite layer of fluid is heated uniformly from below and 
cooled from above, the system is stable to infinitesimal disturbances for values of 
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the Rayleigh number A below a critical value Ay. Here, A = agf,,d4/Kv, where g is 
the gravitational acceleration; a, v and kK are respectively the coefficients of 
expansion, kinematic viscosity and thermometric diffusivity of the fluid; d is the 
depth of the fluid; and /,, = (7;,—T7,)/d, where 7;, and T, are respectively the 
temperatures at the bottom and top surfaces of the layer. When A > Ag, the fluid is 
unstable and convective motions occur leading to a distortion of the mean 
(horizontally averaged) temperature field. Experimentally, convection is ob- 
served to set in as a fairly regular cellular pattern in the horizontal. 

The specific value of Ay depends on the boundary conditions. In the non- 
rotating system, A, is constant for a particular set of boundary conditions. In the 
rotating fluid, the specific value of the critical Rayleigh number depends on the 
value of the Taylor number 7? = 407d*/y? (where Q is the uniform angular 
velocity of the system) and on the value of the Prandtl number o (=v/k). The 
general effect of the rotation is to increase A, and to decrease the horizontal scale 
of the cells. For large, but experimentally realizable, values of 7°, the value of Ay 
may be as high as 10° times the critical Rayleigh number corresponding to the 
non-rotating system. It has been noted both experimentally and theoretically 
(cf. II and III) that for a range of values of the parameters o and 7°, instability 
can arise as a time-periodic motion. In the greater part of the range, this se-called 
‘overstability’ occurs before steady convective instability. 

A number of interesting questions arise from the study of the stability problem. 
Although the horizontal scale of the cells diminishes with rotation, what simi- 
larities exist between the motions of the constrained and unconstrained systems ? 
What physical mechanism causes overstability to occur and to be preferred to 
steady convective instability? Is it possible that the initial instability occurs as 
convection, but that overstability can enter and become the preferred state of 
motion in finite amplitude? Is the reverse possible? 

As we have noted, the constraining effect of rotation manifests itself principally 
by making the system more stable, i.e. by increasing the value of Ay. That the 
rotating system will behave differently from the non-rotating fluid in finite 
amplitude is indicated by the fact that viscosity plays a dual role here. In addition 
to its more familiar role of dissipating the kinetic energy of the fluid, the viscosity 
serves also as the energy releasing mechanism. The fluid particles are constrained 
by the rotation to move in the direction of the rotation vector 2. Only through 
the presence of viscosity do they find a means for achieving cross-isobar flow 
through which potential energy is released. This dual role of viscosity as a function 
of rotation is no more evident than it is in the fact that (cf. II) for sufficiently high 
rotation rates, a fluid confined by rigid boundaries becomes unstable for a value 
of A, lower than the A, corresponding to a fluid confined by free boundaries where 
viscous effects are smaller. In the non-rotating case, the free boundary conditions 
have always led to lower Ag. 

As a further guide to the finite amplitude study we turn to the analysis of finite 
amplitude convection in the non-rotating system (I). 

After the fluid has become unstable, the convective motions lead to a distortion 
of the mean temperature profile. When the Prandtl number is large, the amount 
of heat which is transported vertically by convection is determined principally by 
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this distortion of the mean temperature field. For a < 1, the self-distortion of the 
cellular structure plays an important role in the determination of the vertical heat 
transport. Since the constraint of rotation adds to the distortion of the cellular 
structure, we can anticipate that in the present study the self-distortion of the 
cell will be more important in determining the heat transport. 

All close-packed cellular patterns (rectangles, hexagons, triangles and two- 
dimensional rolls) are mathematically possible in finite amplitude. A relative 
stability criterion was developed in I to determine which of the many possible 
steady solutions will actually be realized. When the system has vertical symmetry 
and free boundarigs, square cells are the preferred pattern fora > 0-8, and limiting 
rectangles (one side becomes infinitely long) for 0 < 0-8. When a vertical asym- 
metry is present (e.g. free upper boundary, rigid lower boundary), hexagonal cells 
are preferred when A exceeds A, by a small amount. 

The qualitative results relating to symmetrical and asymmetrical systems 
ought not to be altered by the presence of rotation. However, is the preferred 
cellular pattern for a symmetric system a function of the rotation rate? What 
effect has overstability on the geometrical pattern of the flow? 

More general questions are the following. What is the mechanism through which 
the constraint manifests itself in the flow? Does the fluid organize itself so as to 
minimize the effects of the externally imposed constraint? Indeed, is it possible 
for the fluid to generate its own ‘constraint’ to offset the imposed one? 


1. Equations and boundary conditions 

This problem is one of a large class of convection problems in which the 
Boussinesq (1903) approximation may be applied. The density is considered to be 
constant everywhere in the equations except in the buoyant force term. The 
equations for the local conservation of heat, momentum and mass are then 


an 
C ~ 
. —KV°f = —v.VT, (1.1) 
( 
OV ] = 
= +v.Vv+2Qk x v = —-—Vp+y7k + vV?Vv., (1.2) 
c Pm 
V.v =U, (1.3) 
where the equation of state 
p =p,(1—-aT) (1.4) 


has been used in the buoyancy term. In these equations 7 is the deviation of the 
temperature from its mean value, p,, is the mean density of fluid, v is the three- 
dimensional! velocity field (w,v, w) in the directions (x, y,z) respectively, t¢ is the 
time, k is the unit vector in the vertical (z) direction, V? is the three-dimensional 
Laplacean operator, p = ~p—gz, where pis the pressure, y = ag, and the remaining 
terms have been defined in the introduction. 

We consider an ensemble of systems with the given fixed boundary conditions. 
These systems will have arbitrary phases in time and horizontal space. An 


ensemble average denotes an average over these arbitrary phases, and, con- 
sequently, 7 can be subdivided into a portion which is a function only of the 
vertical co-ordinate and a fluctuation which is a function of x, y, z and f. 
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_ T = T(z) +T (x.y. 2, t), (1.5) 
where 7'(z) denotes the ensemble-average temperature. Thus. letting a bar over 
a quantity denote the ensemble-average, we have 

Fx T(z), T(a.y.z.t) = 0. 
The substitution of (1.5) into (1.1) yields 


x= —KV*T = Bw—v.VT, (1.6) 
02” 
where # = —C7'(z)/cz is the negative vertical gradient of mean temperature. By 


taking an ensemble-average of (1.6), one gets 
0 0 — = 
—K —- = —— (wT'), (1.7) 
- Cc 
which can be integrated once to yield 


KB+uT = H. (1.8) 


where H is the vertical heat flux in the fluid and is constant for an ensemble of 
systems with given fixed boundary conditions. Thus, taking a vertical average 


“d 
Haz) yields 


0 





| 

“a 

where { },, denotes both an ensemble and a vertical average. 
From (1.8) and (1.9). we have 


KB + {wl }m = H, (1.9) 


fm 


. 14 fu] \ wT 
—- Kp ; 


m 


(1.10) 
me 
Equation (1.10) provides a means for determining the distortion of the mean 
temperature field from the values of the fluctuation quantities w and 7’. 
Substituting (1.7) into (1.6) and making use of (1.10), we have 
oT fwT —wT 


KV?T' — f,,w = a 
- 


= h, (1.11) 
where h = v.V7' —¢(wT')/éz represents the zero-average heat advection terms. 

The pressure p (relative to hydrostatic pressure) can be eliminated from (1.2) 
to yield ie ‘ 


"Vw +20 S. yVIT = vViw + DL, (1.12) 
ot os * 
ofe C ez 
where | epee Bl (v.Vu)+— (v.Vn) —V2(v.Vw). V2 = =>5+7;>; 
02 Ox cy Cx" cy” 


and ¢ = ¢v/¢cx —éu/cy is the vertical component of vorticity. From the first two 
equations of (1.2). an additional relation between € and w can be derived: 


Wt 90 = ~2, (1.13) 
2 


0) Cc 
where Z = —(v.Vv)-—-— 
Cx cy 
(1.13) are both zero-average non-linear terms. 


(v.Vu). The terms L and Z appearing in (1.12) and 
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Because the subsequent analysis will be based on an expansion of each of the 
variables, it is convenient to work with the equations in dimensionless form. 
Thus, letting v = vv’/d, r=dr’, V=d—V', T = xvT" /yd3, t = d*7/[k, o = vik, 


one has - 


(--- v'} T —odw = {wT}, —wT] w—aoh. (1.11 bis) 
OT 
l ¢ a 
: —V2) Vw + 5 a ee = Z (1.12 bis) 
O OT C2 CO 
lc _ Ow ; 
sia v2) 6-9 on ee call (1.13 bis) 
COT Cz 


where the primes have been dropped from the variables. Throughout the remainder 
of the work, unprimed quantities will denote dimensionless variables unless otherwist 
noted. In these equations 7 = 2Qd?/v is the square root of the Taylor number. 

The analysis will be pivoted about the linear stability solution and it is there- 
fore convenient to eliminate all but one of the variables in the linear operators. 
{limination of 7’ and ¢ from the left-hand sides of (1.11), (1.12) and (1.13) gives 

“ ak ‘ an — 
(* —-ve) (—— v2) vaws F< vi} [- x — V2) AVEw 
; CT C OT } 


vo or 02? 


fm 


1 3 a 
o|—-——V?] [{wT},, —wT] Viv 
ee Vj 
oi @ Z (le C 1 ¢ ‘ 
.7(S-ve) 2 (22 ve) vans (2-v9) (LE ven. cy 
| OT 02 O CT : \ CT C CT 
Equations (1.3), (1.11), (1.13) and (1.14) are the basic equations of our analysis. 
A perturbation method similar to that employed in [is used to derive approximate 


solutions. 
» >— 679. + ee. + es. + e4yp. + 
Let W = EW) + ew, + E8w, + €4W5+..., 
; oe as on 3/7) ayy) 
T = eT, +€7,+E7, +673 +..., , 
(1.15) 
U = EU + €2u, + Fu, + E43 4+ ..., | 
eee ee eee 
Vv = EVo E°v71 E'Vs E°Us3 eves 


The parameter ¢ must be identified with the amplitude. Since the value of ) 
determines the amplitude, a relation between A and € must also be deduced. As 
in I, A is also expanded in terms of e: thus 


A = Agt+ea, +67A, + 6A, t é{), are (1.16) 


where the A; are to be determined. 

[f the expansions (1.15) and (1.16) are introduced into equations (1.3), (1.11), 
(1.13) and (1.14), and if the coefficients of each order of € are equated, a series of 
equations is derived involving the variables w,, 7,, wu; and v;. We shall postpone 
writing the resulting relations explicitly until we come to the specific sections on 
finite-amplitude steady convection and finite-amplitude overstability. 

An additional equation, which we shall find useful, results from multiplying 
(1.2) by v and averaging. This yields in non-dimensional form 


7 C 
afv.V2v} {wT = —{hv.v} (1.17) 
cr 
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Equation (1.17) asserts that the rate of change of kinetic energy is equal to the 
rate of release of potential energy minus the rate of viscous dissipation of kinetic 
energy (the first term on the left is negative definite). In our problems the right- 
hand side will vanish. 


Boundary conditions 


If the boundary at the top or the bottom surface is considered ‘free’, the 
conditions on the velocities are 
er Ou 
w= 0 = => == 5 =U (1.18) 
dz 02 2% 
at the boundary. At rigid boundaries, the conditions are 
Cw 
Toa |B “= t= — = §). (1.19) 
ez 


In the present investigation both boundaries are considered ‘free’. Although this 
is an idealization, nevertheless it permits one to determine most of the qualitative 
features of the flow. The rigid boundary conditions lead to such a formidable 
computational problem (cf. 1) that the present method of solution is practically 
useless. 

Thermally, the boundaries are considered perfect conductors. For air or water, 
most metal boundaries will by comparison be nearly perfect conductors. For a fluid 
such as mercury, silver or copper boundaries approximate the ideal boundary 
material. Hence, at the bounding surfaces, we take 


T = 0. 


If we evaluate the basic equations (1.11) and (1.12) at a free boundary where 
T = 0, then (1.12) becomes 


(1.20) 


cA 


ez4 


2. Stability problem 

The equations for the stability problem can be determined either by substi- 
tuting the expansions (1.15) and (1.16) in equations (1.3), (1.11), (1.13) and (1.14), 
and then taking only the first-order terms in eé, or alternatively by simply 
neglecting all the non-linear terms in the equations. In either case. the equations 


are P 
C 
: -V¥?) T,— Awe = 0. (2.1 
f Ty o oo a) 
13 3 
| : -V#)f, ree, (2.1h) 
OCT Z 
(Lv) (2-18) ving 7e(2 ve) (LZ —veayvny =o, 
S - — “ “77. + ‘ inp - — oo ” vy, = o. 
ocr i= . CT C2? OCT “01% “ 
vie: Vito. giao (2.1d) 
CX cy z 


where the subscript zero has been included in order to identify the variables with 
the stability problem. 
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Experimentally, convection is seen to occur as a close-packed cellular regime. 
This indicates that a useful analytical approach to the stability problem is to 
assume separability of horizontal and vertical dependence and to assume 
a periodic horizontal structure. These two simplifications are written as 


“—e eo a Sathin 29) 
Wy = ePo' f(x,y) g(z), Vif(x.y) = —a?n*f(x, y), (2.2) 
where « is the effective horizontal wave number and the time dependence is 
chosen as e?0" as is customary in linear stability theory. 
The stability problem can now be solved immediately (cf. II) since the free 
boundary conditions on w, are satisfied by g(z) = sinnzz. If 
Wy = ePo f(a, y) sin n7z (2.3) 


is substituted into (2.1c), it is found that 


(x? + n?) [po + 7?(x? + n?)] [po/o + 77(a? + n?) |? +.F 2n?| py + 177(a? + n*) | 
- 27Ag[ po/o + 77(a? + n?)] = 0. 
hence, on rearrangement, 
pet (20 + 1) 1?(x? + n?) p2 + [74(a? + n®)? (0? + 20) + (F 2n?a — 27 Ay) o/ (x? + n*)] py 


+ 6°78 (a? + n?)3 + o2717(TF 2n? — x7Ay) = 0. 


(2.4) 
A. Steady convective instability 
If po is real, marginal instability occurs when p, = 0, i.e. when 
Ay (a? +n?)8+72n? von 
{= = ; (2.9) 
1 a 
where 77} = .7?/7*. From 
cA , ' — ' 
—, = 248+ 3a4n?—n®— 7 2n? = 0, (2.6) 
Ca” 


we can find that value of «?, as a function of 7? and n?, which minimizes A,/7"'. 

We note immediately from (2.6) and (2.5) that A,/7!-> 3(472n2)% and 
a? > (47 2n*)} as. 7? — ow. Thus, as the Taylor number increases, A, increases and 
the cellular diameter decreases. It is evident also that A,/7* attains its minimum 
value when n = | (neglecting the trivial case n = 0 when there is no motion). 
A curve of A,/7' vs 7? is plotted in figure 5. 

Since.7 ? is inversely proportional to the square of the viscosity, the asymptotic 
expression, A,/7! —> 3(4.7 3n2)i asserts that both the critical Rayleigh number and 
the actual critical temperature difference 7;,—T7). decreases with increasing 
viscosity. This destabilizing effect of viscosity plays an important role in the 
finite-amplitude behaviour of the fluid, and we shall refer to it again later. 

The motions associated with the point of instability depend on the particular 
cellular pattern which is postulated. These motions will be presented here in some 
detail because a knowledge of them provides some insight into the finite-amplitude 


behaviour of the fluid. 
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B. Geometry of the fluid motion 

The possible horizontal patterns for close-packed cells are limited to two- 
dimensional rolls, hexagons, triangles and rectangles. Though the first of these 
cannot occur in an experimental investigation, it represents the simplest type 
of motion and will be discussed first. 

Rolls. Let wy be independent of the y-co-ordinate. The solution (2.2) which 
satisfies the symmetry condition 0w,/¢x = 0 at the walls of the cell is 

Wy = 2 cos max sin 72, (2.7) 

where, for reasons which will appear later, w, has been normalized, i.e. {w?},, = 1. 
(The normalization does not affect the present discussion.) 
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FicurE 2. (a) A top view of two-dimensional rolls in a non-rotating fluid. The arrows 
indicate the direction of motion of the fluid. (6) The same in a system rotating counter- 
clockwise. (c) A perspective view of fluid particle motions in a role when the fluid is 
rotated. 


From equations (2.1). the temperature 7, and the velocity components 2%, Vp 


are 
ai 205 . 2. 
= esa COSTAXSINTZ. Ug = ——SINTMALCOS7IZ, 
m7(a*+ 1) a 
IT 
“7, naa rEs (2 
Usa = = SIN 74X COS 772. (2.5) 
a(a*+ 1) 


When .7, = 0, we have v, = 0 and the fluid motion is in the x-direction only. In 
figure 2a a view of the top of a non-rotating fluid layer is shown. The fluid has 
maximum upward velocity along lines AB and maximum downward velocity 
along lines CD. 

When the system is rotated, the coriolis force introduces a velocity component 
parallel to the isobars (isotherms in this case), i.e. in the y-direction. Therefore. 
the streamlines are oriented at an oblique angle to the y-axis (figure 26). 

The wave-number « of the cell is a function of 7? as given by (2.6). The wave 
number corresponding to the oblique cell, i.e. in the direction of the orientation of 
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the cell, can be computed from (2.8). Let # be the angle from the x-axis to the 
streamline path as indicated in figure 26. Then 


Bs! F; 
6 = tan | o) = ~tan {1 (2.9) 
Uy at+) 
The square of the wave-number of the oblique cell is given by 
eae a*(a? +1)? 
a*cos*d = — ( = a. (2.10) 
SF * + (a*+ 1)" 
With (2.6), this expression reduces to 
a? cos? = x7(1/2a?) = 4. (2.11) 


In other words, although the wavelength of the cell decreases with rotation, the 
wavelength of the cell measured in the direction of the orientation of the cell is the 
same as in the non-rotating case. 
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A top view of square cells in a non-rotating fluid. Points marked U are points 





FIGURE 3a. 
of maximum upward velocity ; those marked D are points of maximum downward velocity. 
The region within the dotted lines would be seen as a cell in an experiment. 


Square cells. From the analysis of the non-rotating system we anticipate that 
square cells will be the preferred form for a system with vertical symmetry. 
Paralleling the argument for rolls, we can write 








deat MAX TAY TA, 
Wy = 2,/2cos—> cos——sinaz, Ty —> Wo: 
Nb V+ m°(a° + 1) 
27, xa may 2. max may f 

Uy = — . cos sin — > n—> cos COS 712, (2.12 

(00° N 4 Nee v4 4 

2 THX . THY 25, 5 08 THY 
Vp =| — — cos —— sin—~ + = sin —> cos —~ | cos7z. 

3 2 J2 a(a*+1) [2 J 2 | ) 


When 7, = 0, both the horizontal and the vertical motions form a square 
pattern. A top view of the fluid is illustrated in figure 3a, where U and D define 
points of maximum upward and downward motions respectively. The cell is 
shown with fluid rising in the centre, but the pattern can equally as well be 
displaced by a half wavelength in the z- or y-direction to vield a cell with sinking 
at the centre. In actuality the region within the dotted lines is what one would 


see as a cell in an experiment. 
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When 7, > 0, the coriolis force causes the fluid to turn as it moves toward or 
from the centre so that part of the flow is parallel to the isobars. The spiral curves 
in figure 3b correspond to the straight lines shown in figure 3a. As the spiral 
crosses the a- and y-axes, it coincides with the inverse logarithmic spiral 
r= a—texp{Z,0/(a?+1)} (in polar co-ordinates r,@), but the regions inter- 
mediate to the axes, it deviates from the logarithmic spiral. (The actual spiral is 
not equiangular, i.e. it does not cross all radial lines with the same angle at each 
traversal. The logarithmic spiral was used to construct the figure and to compute 
the half wavelength along the path.) By computing the length of the spiral, one 
can derive expression (2.11) for the horizontal ‘wave-number’ along the spiral. 
The wavelength measured along the distorted cellular boundary is again equal to 
that of the non-rotating case. 

Figure 3c is a perspective sketch of a complete trajectory of a particle which 
travels from the centre of the cell to the edge and back again. The particle spirals 
upward and clockwise (for counterclockwise Q) from the centre of the cell, crosses 
to the corner near the top of the cell and spirals downward and counterclockwise. 
Halfway down it reverses its direction of rotation, spirals downward and clock- 
wise crosses back toward the middle of the cell, and begins a counterclockwise 
upward motion toward the centre. 

The reversal of rotation as a particle crosses the middle plane is due to the fact 
that at this point the horizontal divergence of the fluid changes sign. As the fluid 
moves outward, it is deflected to the right by the coriolis force and spirals in 
a clockwise manner. Converging fluid spirals counterclockwise when deflected to 
the right. 

The square cell shown in the diagram corresponds to the basic geometry of the 
vertical velocity. The actual cell is distorted by the rotation and is not reproduced 
here. 

Hexagonal cells. The preferred pattern for the vertical velocity is the hexagonal 
pattern when the boundary conditions provide a vertical asymmetry. Since most 
experimental observations of cells are made when the upper surface is free. 
hexagonal cells will ordinarily occur. 

The discussion parallels that for square cells. The analytical form as proposed 
by Christopherson (1940) is 


2 {, 27a 27y 4iy|. (2.134) 
W,= 7 2COS — COs COs -? SIN 7Z, a~.1lod 
oi a a 


where L = 4/(3a) is the length of one side of the regular hexagon. The remaining 


variables have the form 


aA 
Th = a2 Wy 
1°(% 1) 
3L . 27x Qry J3LZ, 27a 2ny eat 
Uy = — sin - cos—— + . -| cos ——— sin —_—_ + sin —— } | Coa vz,> (2.130) 
. iE /3L 3L a2 1)\ J3L 3b 3L 
} 
| 
3L7, x 2ry 3b | ) Qry <4) 
v sin —— cos —~ — + cos sin — sin — }]| cos 7z 
" (28+ 2) JS 8b 8 Jt Bh 3L | 
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FIGURE 36. A square cell in a rotating fluid. The particle motions from the centre outward 
follow the spiral curves. The dashed curves form the boundary of the square cell. 











FIGURE 3c. A perspective sketch of a fluid particle motion in the square cell. 
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Figure 4a illustrates the particle motion at the top of a non-rotating-cell. 
Figure 40 is a top view of a rotating cell and of the six adjacent cells. The dashed 
spirals form the upper boundary of the centre cell. Each centre is surrounded by 
six corners and each corner receives fluid from the three adjacent centres. 








FicurEe 4a. Top view of a non-rotating hexagonal cell. The fluid rises in the centre 
and spreads outward to the six corners where it descends. 
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FicurE 4b. A top view of seven rotating hexagonal cells. The fluid particles follow spiral 

I I F 
paths from the centre toward the corners. The dashed lines form the boundaries of the 
centre cell. 


A perspective sketch of a fluid particle path in three dimensions is shown in 
figure 4c. Figure | illustrates the manner in which the cell is distorted by the 
rotation. 

The effective wave-number of the non-rotating cell is again equal to the wave- 
number measured along the spiral curve. 
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The three cases discussed here indicate that the wave-number measured along 
the curved path is invariant. It is clear that such an invariance must be intimately 
coupled with a physical property of the fluid which is unaffected by the imposed 
constraint. The one property of the fluid which is not affected by a rotation about 
a vertical axis is the horizontal vorticity. We shall show here how the constancy 
of horizontal vorticity preserves the wave-number measured in the direction of 
flow for the simplest type of motion, viz. that of rolls. 














Figure 4c. A perspective sketch of a fluid particle path 
which passes through the centre of the cell. 


Consider a rotation of the horizontal co-ordinates so that the x’-direction is 
measured along the direction of flow (figure 25). Then the horizontal vorticity 
about the y-axis is given by Cu’/Cz—Cw/cx’, where the primes correspond to 
a measure of the quantities along the new axes. Since the horizontal vorticity is 
constant, we have 

{ (cw Cw “ | (Cu ew) *) 
| = -~,) = = -= | = const.. (2.14) 
\\ oz ca’/ J, (\\ez oa] j 
where the middle expression corresponds to the non-rotating system, i.e. when 2’ 
is parallel to x. From the equation of continuity, we have 


m 


rit go we (2.15) 


Since w is normalized and since the z-distance is fixed, equation (2.15) yields 
a relation between the wave-number measured in the x (or x’) direction and the 
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amplitude of u (or w’). From (2.14) we then note that the wave-number must be 
the same in the two systems. When the vertical velocity is normalized the 
amplitudes of the horizontal velocities are equal. 


C. Overstability 
Though py) must be real in the non-rotating system, py may be complex when 
7? > 0. The coefficients of (2.4) are real; therefore, in general py will have one 
real and two complex conjugate roots. These can be written in the form 
(Po—P') (Po— Pr— Pi) (Po— Pr + tp) = 9, 
3 fi 956 2 ¢ s 2 "an , 
or Po—(p' + 2p,) pot (2p, P' + Pi + Pr) Po— P (Pi +Pr) = 9. 
where p’, p; and p, are real. 
For marginal stability p, = 0, and 
Pi—P'PO+PiPo—P Pi = 9. (2.16) 


Hence, for marginal stability, the product of the coefficients of p2 and py must 
equal the coefficient of pj. By (2.4) this condition becomes 





axa o* ~s 
(a? + n?)3 + ; n29 : 
—! = 2o+1) hak (2.17) 
7 a 
which has a minimum when CA,)/¢a? = 0, i.e. when 
2 
2a8 + Zain? = n& + re %. (2.18) 


(o+1)8” 


Thus «2 -> 2-4[{onJ7,/(o + 1)]8 and A,/74 > 233(0 + 1) [onF,/(o + 1)] as 7? > ow. 
(The above results do not obtain for 7 = 0, but this case is physically uninteresting 
and will not be considered.) 

The remainder of the discussion will be confined to the lowest eigenvalue, 
i.e. to the case n = I. 

When 9, is imaginary, the coefficient of p, in (2.16) is real and positive. From 
2.4), we find that 


2 = 4(q~2+ 1)? (o? + 207) + ——_ FT 2g —a?A > 0 
p* ( )*( ) 41! o) 
or, using (2.17), that 
TT 2 re? es \ 
pt = —o*n*(a* + 1)* + _, oe > 0. (2.19) 


> —— (at+ 1) (2.20) 


Eliminating .7 ? from (2.18) and the equality of (2.20), we can find the value of «* 
at which overstability can just occur, i.e. when p; = 0. This value satisfies 


(2 — 30?) a? + 3(1 — 20?) at —302a?-—1 = 0. (2.21) 
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When o = 3, «* = 00. Therefore o = ,/} represents the (upper) limiting value of 
the Prandtl number for which overstability can occur.* 

Equation (2.17) together with (2.18) determines the minimum value of A, for 
each pair of values of 7? and o. The curves in figure 5 show the dependence 
of Ay/7* on 7? for a number of values of 7. The curve C corresponds to steady 
convective instability. 

It is possible, of course, that the fluid may become unstable in a steady convee- 
tive manner and that overstability may occur in finite amplitude or that over- 
stability may occur first and convection be preferred in finite amplitude. Figure 6 
shows three divided regions in the (7,.77)-plane. In region A overstability 
cannot arise because (2.20) cannot be satisfied. In region B convection occurs 
first but overstability may be the preferred state in finite amplitude. 
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Ficure 5. The A,/74 vs 7 j relations for marginal stability. The dashed curve corresponds to 
steady convective instability. The solid curves correspond to instability in the form of 
time-periodic motions. The numbers on the curves are the values of the Prandtl numbers. 


The curve between regions B and C marks the points at which overstability and 
convection occur simultaneously. The system will become overstable to in- 
finitesimal disturbances when o and .7? have values in the region C. Here. 
however, convection may come in at finite amplitude. 

Why can overstability occur in the rotating systems and not when.7 = 0? To 
answer this question we shall look into the energetics of the fluid. 

For the two-dimensional case the solution to (2.1¢) is 
Wy = 2,/2 COS PoT COS TAX SiN 772, (2.22) 
where p2 is equal to p? in (2.19). The remaining variables 75, wu, vg can be deter- 
mined from equations (2.1) and are listed in $4. If these expressions are substi- 


* Nakagawa & Frenzen (III) show in figure 7 the value of A, for overstability (R* in 
their notation) in water (o = 6). That overstability cannot occur.for o > ,/% is clear from 
the above argument. In addition, they derive the value A, = 2(¢+ 1) a-? (#24 1)3 when 
FJ? =0. However, condition (2.20) is violated so that this result is also incorrect. 
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tuted into the power integral expression (1.17) (with the right-hand side equal to 
zero). and if we use (2.19) for p2, we have 


lard 2 
A,/7 ee 





(1 +o) E a 1) Tot 1? (a2+ 1) 
where the left-hand side represents the rate of release of potential energy, {w7'},,, 
and the right-hand side the rate of dissipation of kinetic energy {v.V°V},,. 
Equation (2.23) is equivalent to (2.17). Therefore the eigenvalue equation is 
a statement that a balance of the rate of viscous dissipation and the rate of 
release of potential energy is achieved by the fluid at the point of instability. 
The equivalent expression for the steady case is given by (2.5). 


0-8F 


O75 


0-25 


OF 








0 it 1 | 2 
10° 10! «102-103 104108 10610 
F? 
FicurE 6. The (o,.7j)-plane is divided into three regions which are significant in the 
stability problem. In A instability occurs as steady convection. In B steady convective 
instability occurs first but overstability is possible for higher Ay. In C overstability occurs 





before steady convection. 


For fixed values of the convective heat transport, {w7’},,. and the rate of dissipa- 
tion of kinetic energy, a decrease of o in the overstable case reduces the effect of 
the external constraint 7. To compensate for the reduction of o it is necessary 
that A, be decreased. In the steady system the energy balance at the point of 
instability is unaltered by a change of o. Therefore, in the overstable case, it is 
possible for the value of the Rayleigh number to be smaller than the value 
corresponding to the steady regime because the effect of the constraint is small 
when the Prandtl number is small. 

From the stability problem, we have derived information concerning the onset 
of steady convective instability and of overstability. However, the amplitude of 
the motions for a given value of A, the energetics of the fluid, the preferred 

27 Fluid Mech. 5 
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motions for a given set of external parameters, and still other features are 
unknowns which can be determined only in a finite-amplitude study. Therefore, 
we shall now go on to a study of finite-amplitude steady convection. 


3. Finite-amplitude steady convection 

The equations which govern steady convection are given by (1.3), (1.11), (1.13) 
and (1.14) with ¢/é7 = 0. Thus, the following equations are obtained by collecting 
terms in ¢€, €? and e? respectively: equations corresponding to e4, etc., can be found 
in the same way: 


A 
7a) uv 5 
Fw, = v4.9 2 —-—A,V2| wy = U. 
Cz? 


Cp 2 9 Tr CZ oo 9 
Pw, = A, Viw)—V¥Lo9t+TF x — Vihoo: (3.1) 


Pw, = AgViwy) +a, V2 w, — V?(LQo, + Lao) +7 = (Zor + Zr) 





» = ‘yy AX — - ‘ * 
— VF (Roy + hyo) + T[1{Wy Th} in — Wo To] V2 Wo; 


0“O)jm 


-V2T, = cA,w 





o“0 | 
—V2T, = FAgW, + TAL Wy — Tho, (3.2) 
27. _ ’ ; ‘ 20S as9 TTX , 7 ’ j . 
-V2T, = TAg Wy + FAW, + CAgWy t+ O7[{WeT ot , — Wo To] Wo — (hor + A40): 
Cw 
9 0 
V So = ar 
- ~Ow, , ; 
VC, = == ‘— Zoo: P (3.3) 
Oz 
Cw 
y Tr 2 r, r, : 
V%bo = 5 —(Zo1- Z 10); 
Cu, Ov, dw, : 
— +~—+— = 0 (1=0,1,2,...). (3.4) 


Here the subscripts 7, ) correspond to the order of the variables to be substituted 
. . yyy C 
into each expression: e.g. h;; = v;.V7;—= 


; (w; 7). 

The method of solution is the same as the method used in the non-rotating 
problem (I). A brief outline of the method is given below.* 

The form of wy can ‘e determined by inspection from (3.1). Expressions for 
Tp, Uy and vy are derived from the normalized expression for w, by means of 
equations (3.2), (3.3) and (3.4). The right-hand side of the second equation of (3.1) 
can then be computed directly since it is composed of zero-order functions only. 
However, two difficulties appear at this point. The inhomogeneous term in the v, 
equation will, in general, contain terms of the form of w, as well as the unknown 
parameter A,. In solving for the particular solution for w,, one will obtain secular 
terms in addition to terms which are spatially periodic. In addition, the homo- 
geneous solution of w, will contain the form of w, with an arbitrary amplitude. 


“x 


Note added in proof. A method for treating the finite-amplitude range has also been 
proposed by L. P. Gor’kov (1957). His method and that of Malkus & Veronis yield the 
same finite-amplitude results for A,. 
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Since A, multiplies a term of the form of w, in the inhomogeneous term, we can 
evaluate A, to cancel the remaining amplitudes of wy. Secular terms are thereby 
eliminated and the assumed periodicity of the solution is maintained. Further- 
more, by specifying that e be the total amplitude of that part of w which contains 
Wy. We can write {ww}, = €or {w; Wo}, = Ofori > 0, i.e. the homogeneous part of 
w,; (i > 0) which has the form of wy, has zero amplitude. The system of equations 
can now be solved for the w;, 7;, u;, v; and A;. We shall apply the method first to 
determine an approximate finite-amplitude solution for the two-dimensional rolls. 
Though this case is unrealistic, it is the only case which, with a reasonable amount 
of effort, can be carried beyond the second approximation. Because the roll is not 
truly descriptive of the actual physical system, we shall discuss certain qualitative 
features of this case only. Later, in the analysis for the square cell. additional 
observable features of the flow will be presented. 


(a) Rolls 


The solution to the stability problem is given by equations (2.7) and (2.5). 
This is 


) _ 20d, A 
Wy = 2 COS 7ax SIN 772. = 20 wae 74x Sin ms, 
m1?(a7 + 
(3.5) 
pe 7 B 
Uy = ——-SINTMAXCOBTMZ, Uy = 1 __ sin maa cos 72. | 
a a(a"+ 1) 


where the value of ~ corresponding to a given value of J, is given by (2.6), and Ag 
is given by (2.5) 
The inhomogeneous term for w, can be evaluated directly; thus 


C 


Bug = ay (Vo- VU) — (Vo.Vuo) = —~3— €08 27rax, 


€ 
Cy ar+ 


cofe C “ 
bun = - ; ~ (Vo. Vuo) +a (Vo. Ve) — V2(v,. Vw) = 9, 


= 
hoo = Vo- V1 — = (WoT) = 0. 


Therefore, fw, = —7?x?A, wy. 
Now A, is evaluated so as to cancel the form of w, from the right-hand side. 
Since the only term containing the form of wy is A, Vj wp, it is necessary that A, = 0. 


Thus, 


A, =0, w,= 0, T —-. uw,=O9. (3.6) 
The second equation of (3.3) gives 
1 


Se — sin 277ax. (3.7) 
1 277a3(a2 +1) 


To solve for w,, we note that Lo, = Ly = ho, = hyp = Zy9 = 9, and 


i ” 
J — 5-3 - [3 cos 37ax — cos Tax} sin 712, 
Cz “(a*+ 1) 
—— ara*A 
. NN fat , o.. a an ¢ ~ a} ~ 
T[{W To} m — Wolo] V2wW) = -—— 7 08 max(sin 37z— sin 72). 


A, Viw, = — 27°x*A, cos max sin 72. 
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F a? 2 FJ 2 
o*Ag Fr : 
Thus. %w, = | —27?e?A,+—— = COS 74X SiN 712 
: a+1 «4 (a*+ 1) 
37? ; : aa7Ay . : 
+, cos 377a2 sin 7z — —-—— cos 7ax sin 3772. (3.8) 
a*(a*+1) a?+) 


The first term on the right-hand side has the form of w, and must vanish. Hence, 
=) 0 


\ aA, F? (3.9 
Ay = - ; < , - ° * 
2 D(a2+1) 2n2x4(a2 + 1) 

The evaluation of A, provides the first finite-amplitude result. From the 
expression (1.9) for the heat transport, we can write 

4 ‘ 
- wl : (3.10) 
KBn ‘s ( fm 

where w and 7' are non-dimensional. Expanding w and T as in (1.15). we 
have 


f Se ee 
{WT} in = €7[{WoT ohm + {Moly + Ui Tofm + {Wp Ty +, Ty + WeT ohn 


+ Ew Th + W, To + WoT, + We To} m + €t{Wy Ty + Wy Ts + WoT + Wg TT, + WT} mn + +++] 
(3.11) 


Therefore, to the e? approximation for the convective heat transport, we get 


wD), = wy Thm. (3.12) 


5 t fm x 


To the same approximation (1.16) becomes 


A-A 
62 = A av (3.13) 
Hence. 5 {w Tm = x (1 = {Wo 4 ot 
oF oh 


. x (1-3 Be (3.14) 


We can see from (3.14) that to the ¢? approximation the convective heat 
transport varies inversely as A,. Table 1 contains values of the convective heat 
transport o{w7't.,,/(A — Ag) of rolls for various values of o and.7j. The range of cis 


restricted to the values for which overstability can also occur. Not that A, and 


therefore o{w7",,,/(A — Ao) are negative for small Prandtl numbers and positive for 


jm 


larger values. In most of the range where A, is negative overstability will occur 
before steady convection. However, for sufficiently low rotation rates, over- 
stability cannot arise and the flow will be steady. 

Since «2 > 0, it is clear from (3.13) that negative A, implies that A < Aj. 
According to this analysis, which is pivoted about the linear stability problem. 
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the system will behave as follows. As A increases toward Ap, heat is transported 
by pure conduction (figure 7). When A = A, convection will occur but now A can 
be decreased below A, and convection will be maintained. According to the eé? 
approximation, one could decrease A indefinitely and convection would continue ; 
therefore, one must go to a higher approximation to determine when the curve 
begins to turn up again. 


a i 
eee — 7 . A . eee ———— 
o 0-1 0-5 1 5 10 102 
0-025 — 0-:0239 — 0:00702 — 0:00487 — 0:00377 — 0-00406 — 0-:00724 
0-1 — 0-569 — 0-117 — 0:0808 —0:0619 — 0:0671 —Q-122 
0-2 — 6-01 — 0-562 — 0°365 — 0-274 — 0-0299 — 0-600 
0:3 4:87 — 1-94 — 1-07 — 0-735 — 0-827 — 2-16 
0-4 2-99 — 14:36 — 3°24 — 1-8] — 2:17 — 24-2 
0-5 2-54 7:39 — 63-0 — 5-60 — 8-68 6-51 
0-6 2-34 4:06 7-10 40-1 13-7 3°85 
0-687 2°25 3:26 4-4] 6:77 5°75 3°16 
0-7 2-23 3°19 4-23 6°56 5°37 3-09 
0-8 2-18 2-80 3°37 4-40 3°86 2-74 
Ty 
o 10° 104 10° 108 10? 108 
0-025 — 00-0150 — 0-0326 —0-0715 — 0-168 — 0-382 — 1-06 
0-1 — 0-270 — 0-690 — 2-47 11-2 3°28 2-44 
0-2 — 1-82 77:6 3°66 2-55 2-21 2-09 
0-3 29-6 3°53 2-50 2-23 2-09 2-04 
0:4 4-20 2-64 2°25 2-14 2:05 2-02 
0-5 3°01 2°37 2-16 2-10 2-03 2-01+ 
0-6 2-60 2°25 2°11 2:07 2-02 2-01 — 
0-687 2°43 2-18 2-09 2-04 2-01+ 2-01 — 
0-7 2-41 2°16 2-08 2-03 2-01 2:01 — 
0:8 2-29 2-14 2-06 2-02 2-01 — 2-00 + 
: o{wT oA, 3 
TABLE 1. Values of ——— = for rolls. 


A-A, —-W(a?+1)A, 


/xperimentally, one would not observe the sequence of events described above. 
If a finite-amplitude perturbation were present, the system would become 
unstable at A,, (figure 7), and the motions would grow very quickly from C to A, 
ie. until the fluid transported the amount of heat corresponding to point A. 
A further increase in A would be needed to increase H. On the other hand, if no 
finite-amplitude disturbance were present, instability would occur at Ay, but the 
motions would grow very rapidly with A = A, until the heat transport corre- 
sponded to point B. If the system were allowed to ‘run down’, i.e. if A were 
decreased from a value above Ap, then the system would always follow the path 
BACO. 
The onset of instability as a finite-amplitude disturbance in the rotating 
system marks a definite point of departure from the results of the non-rotating 
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system. In the latter case, convective heat transport is possible only for 
values of A > Ay. Why does the rotating system respond so differently in finite 
amplitude? What is the mechanism for the occurrence of finite amplitude 
instability ¢ 

The answers to these questions can be found in equation (1.14). For the steady 
convective case. We have 





. ~~) Cw 2 ‘yy 7 2 a 0Z 2 
Vow +77] —AViw = ol{wT},, —wl | Viw+ 7 —-VRh—-V2L. (3.15) 
02" oz 
A 
Agr A 7B 
/ \ 
dur o/: A 
/ A2 approximation 
| / 
| / 
/ 
iz 
C a H 


Ficure 7. The A vs H curve when A, is negative. 


c 
The term Z=-= (v.Vv)—~ (v.Vu) 
re cy 


Cc. 


can be written in the form 
Z=V,.V,C-—,.V,w = V,.[v,6—w,v], (3.16) 


where the subscript | corresponds to the horizontal vectors and w, is the horizontal 
vorticity vector. If the term.7 (¢Z/¢z) is taken to the left-hand side of the equation 
(3.15). the second term can be written (with the aid of (1.3)) 


T —N,.4V,7 —V,E+0,u}. (3.17) 


ays 


The individual terms within the brackets correspond respectively to the hori- 
zontal transport of imposed vertical vorticity, the horizontal transport of local 
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vertical vorticity, and the vertical transport of horizontal vorticity. In finite 
amplitude, therefore, the fluid can generate a local vorticity whose net effect is to 
decrease the role of the constraining first term in (3.17). When the viscosity is 
large, the generation of local vorticity is accompanied by strong viscous dissipa- 
tion so that the non-linear terms will stabilize the system. 

It is important to note that the possibility of a finite-amplitude instability is 
brought about by interactions of the zero-average non-linear terms which do noi 
contribute per se to the distortion of the mean temperature profile. These terms 
play an increasingly important role as the Prandtl number diminishes. In the 
non-rotating system, the heat transport curve of a fluid with small Prandtl 
number breaks away from the conduction line with a slope one-third greater than 
that of pure conduction, whereas when the Prandt] number is large the slope of 
the heat transport curve is twice the conduction slope. When an external con- 
straint is present, the heat convected by the fluid varies as a function of the 
constraint. 

When A, is positive, heat is transported by convection only when A is increased 
beyond A,. We shall discuss this case in some detail in a subsection on square cells. 

When A, < 0, it is necessary to consider the next approximation in order to find 
the point at which the A vs H curve turns upward. We can feel fairly confident that 
the e? approximation is valid only ina very limited range, otherwise the A, H curve 
would cross the H axis, i.e. the fluid would transport a finite amount of heat in the 
absence of a temperature gradient. 

A, for rolls. Because of the vertical symmetry, A; = 0 for odd 7. Hence, it is 
necessary to go to the e* approximation to determine the higher-order effect on 
the heat transport. 

The equations governing the ¢? approximation can be determined from 
equation (3.15) and from the expansions (1.15) and (1.16). The results only 
will be listed here: 


Wy = Wo9 COS TAX SIN 372 + Wy, COS 37ax SiN 72, 


aa 
TA Wo + O7Ny TA WW, 


= Cos 7ax sin 377z + Cos 377ax sin 72 





’ m2(a2 + 9) m?(9a? + 1) (3.18) 
oF? ; 
— = ;, COS 742 SiN 712; 
a*(a? 1} 
Ag = 0, 
iss Ti of No ke a +} | 
™ 4 |oat(a2+1)? o24+9\ A (3.19) 
_ Nga TF? ce b-She J : 
24 * 40%(42+1)| 92+ 1 B)* +1)’ 
aa?N, ag? F Ao 
where Wag = — , Woy = — sp . N==z 
20 WA * ma?(4?+1)B 0 7?(a2 +1)’ 
421. Q)\3 + OF 2 2°0 B 924+ 1)34+.72-9 oo 
1 = (47+ 9) +97 i 3 = (9a°+1)° +7 3-—9e pa! 
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Values of A, for mercury (o = 0-025) and air (o = 0-687) are given in 
table 2. 

We can now determine the range of validity of the e? approximation. To the 
-* approximation, (1.16) becomes 
A, + \ [AZ + 4A4(A—Ap)] ‘ 
ef = — 2A : (3.20) 

4 

where the positive sign in front of the radical has been chosen so that €? + 0 as 
A Ay. Only when AZ > |4A,(A—Ao)| is the €? approximation valid. From the 
values of A, and A, for air, A—Ayg = — 4Az/Ay when A—A, = Ay in the range 
0 < F} < 0-1. As.7{ increases, the limiting value of A — A, decreases to 0-03, at 
ZT} = 10 and then asymptotically approaches 0-16A,. For mercury the value of 
A—A, beyond which the A, approximation is no longer valid is Ag when 7j = 0, 
decreases to 0-005A, when 77] = 0-5, rises to 0-14A, when .7} = 104 and then 
steadily decreases to 0-09A, at. 7} = 108. Therefore, the ¢4 approximation is valid 
for a rather limited range of A. The A, curve describes the system accurately in 


a slightly smaller range of A. 


ia A, (air) A, (mercury) #7 A, (air) A, (mercury) 
0-1 0-0495 0-0971 108 — 0-164 0-956 x 10-* 
0-5 0-168 0-286 104 — 0-203 0-195 x 10-° 
l 0-230 0-354 10° — 0-229 0-410 x 10-° 
5 0-122 0-277 108 — 0-245 0-797 x 10-4 
10 0-042 0-196 10? — 0-253 0-168 x 10-5 
10? 0-101 0-0499 108 — 0257 0-280 x 10-5 


TABLE 2. A, for rolls. 


In the non-rotating system (I), the «? approximation for rolls is accurate for 
A—Ay < Ap. The more limited range of validity of A, for air in the rotating 
problem can be traced to the stability problem itself. The system becomes 
unstable to a disturbance with the form of the second mode, i.e. sin 2772, at a rela- 
tively smaller value of A. It was shown in § 2 that (A9),,~9/(Ag)n—1 > (16)3 = 2-52 as 
FT} > «©, whereas in the non-rotating system the ratio equals 16. Since the finite- 
.mplitude solution is based on the linear stability problem, it can describe the 
system only in the range in which the fluid is not unstable to other disturbances. 
This range is ten times smaller in the rotating case (for large 77); therefore the 
corresponding approximation is accurate in an equally limited range. This 
reasoning does not apply to mercury where A, is negative. In this case, the range 
of validity of the second-order approximation must be limited for the reason 


mentioned earlier. Nor can we apply the above reasoning to account for the 
extremely small range of validity of the e? approximation for air when .7 = 10. 
As we shall see later, the fluid behaves quite differently for these smaller values 
of .7 than it does either for zero rotation or for higher rotation rates. 

From the expressions for the heat transport (3.10) and (3.11), we have to fourth 
order H 
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| 











whe 


For 

tude 
that 
tow: 
A vs 
app! 
T 
amy 
nun 
of | 

enal 
unst 


(b) 
U 
The 


give 





on in 


o the 


3.20) 


-O as 
1 the 
‘ange 
Ag at 


ue of 


= (), 
then 
valid 
ly in 


> for 
ting 
ymes 
rela- 
»2 as 
ite- 

the 
ices. 

the 
Lhis 
nge 
yson 

the 

10. 
lues 


rth 


21) 








Cellular convection with finite amplitude in a rotating fluid 425 


where the remaining terms in (3.11) vanish. Therefore, 


2 T2 5 
H = | ee oT 5 ve]. (3.22) 


a 5 os 2/2 a > 
KB m A [m(a2?+1) 2at(a?+1 


For mercury, A, < 0 and A, > 0. Therefore, from (3.20), we note that the ampli- 
tude ¢? increases as a result of the higher approximation. H increases with e? so 
that the net effect of A, is to turn the A vs H curve (figure 7) toward the right, i.e. 
toward point A. In order to determine the actual behaviour of the system as the 
Avs H curve is turned upward again, it would be necessary to consider the next 
approximation. 

The most important result which we have obtained from this study of finite- 
amplitude convection for rolls is that fluids with a sufficiently small Prandtl 
number can become unstable to a finite-amplitude disturbance at a lower value 
of A than Ay. The non-linear vorticity generated by the finite-amplitude motions 
enables the fluid to reduce the effect of the external constraint and thereby become 
unstable at lower values of the external parameters. 


(b) A, for rectangular cells 

Using the method outlined earlier, we can determine A, for the rectangular cell. 
The detailed analysis is rather tedious and lengthy, so that only the results will be 
given. 

The stability solution is 


Wy = 2,/2cosmlxcosmmysinaz, 15 = 2,/20N) cos mlx cos mmy sin 72, 
=. 2m7, ; 2/20 . 
% = * cos nlx sin my + — sin mlz cos mmy| cos 72, 
0 e 2 9 98 
2(a2+ 1) a : > (3.23) 
— 2,/2m 
ca OPE sin 71a cos mmy — “A - cos mlx sin mmy | cos 72, 
a*(a? +1) a 
where 2/2 is the normalization constant for wo, Ny = 2 = 1) and [? +m? = a. 
77?(a? + 


Equations (2.5) and (2.6) again determine A, and «? as functions of .7,. The first- 
fo) 0 1 
order functions are 


w, = [a,(l,m) cos 21a + a,(l, m) cos 2mmy] sin 272, ‘ 
T, = [b,(l,m) cos 2mlx + b,(l,m) cos 27my] sin 272, 
a, 5, Ay. T, 
v sin 27lx — — sin 27my | cos 272 + sin 27la 
a = lager +1) m | 2mla?(a? + 1) 


LF, 
: sin 2mlacos2amy,~ (3-24) 
at(a?+ 1) Y: 
a, . Gy F, , 
u, = —]—sin 2alz+ : sin 27my| cos 277z 
’ A 4m(m? + 1) q 
FZ mT, 





= - sin 27my — cos 27lx sin 277m 
27ma?(a? + 1) y 27ra4(a? + 1) Y>) 
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where A, = 0, 


] a2 ‘ at 
a,(t,m) = : > : = > 
ats) dros 1p +7 2—PA 


8ml2m2aN,  327°l?m?(1? + | S43 Ft 
7 ie a - Fie oe We eee 
( 





A 


a —  2noN ae 
1 gm 
b, (1, m) 7 


4772(1? + 1) 


0 


a(l,m) = a,(m,l), (l,m) = b,(m.D. 


From these zero- and first-order functions and from (3.1), an expression for A, can 
be obtained: 


Wi a ‘ oe ‘ 
Ag= = == —— (9703-1755): 4 (m?a, + la.) 
2 ) D2 1 2 Dy4 1 2 


ry - a+ | 
art] 








Fr la, ma 3 
oe z = sie 1 sl (3 25 
2a4 [m?+1 +1 2m(x?+1) 


As a function of the parameters o, 7, and the ratio //m, expression (3.25) for A, | 


has a triply infinite set of values. We shall restrict our attention here to the values 
of 7} which were considered in the subsection on rolls. Furthermore, we shall 
consider only two values of o, those corresponding to mercury (o = 0-025) and 
air (7 = 0-687). The ratio //m cannot be chosen arbitrarily, of course, for it is 
a parameter whose value is determined by the physics of the system. In order to 
decide which of the infinite number of values of //m is chosen by the fluid we turn 
now to the relative stability criterion which was developed in I. 

The relative stability criterion is the answer to the following question. If all of 
the mathematically possible solutions of a statistically steady physical system 
are known, which of the solutions is stable to disturbances which have the form 
of any of the other solutions? When all of the solutions are orthogonal to each 
other (as in the present case), the criterion takes a particularly simple form. The 
fluid chooses that solution which has the maximum value of {/?},,. From (1.10) in 
non-dimensional form, {/7},, can be written 


9 
o~ al ‘. M6 . 2 
1+ r {{wT},, —wT}.,,- (3.26) 
To the e? approximation, (3.26) is equal to 

204 z 1N2¢4 4N2() —).)2 

14 7 thw T — wo Th}? vig eae Ao) (3.27 
a LE" Oo *Osm 0“01 Sm : 2R2 2A2)2 7 
/ ml als 2 


where (3.13) was used to derive the last equality. Since N, is not a function of 1/m. 
the solution with maximum {f?}!,, at a given value of A is the solution with 
minimum A, or maximum heat transport. 

For this problem A, as given by (3.25) has a minimum at* 1/m = oo for small .7} 





and at*1/m = 1 for large.7j. The value of 7 j at which the preferred shape crosses | 


over from //m = «© to l/m = 1 depends upon the Prandtl number. Values of the 
} 


* When l/m = ©, the cellular geometry is that of limiting rectangles, i.e. the cells take 
the form of rolls in the limit. When //m = 1, the cells are square 
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convective heat transport for air and mercury are given in table 3 for square cells 
and for limiting rectangles. 

Aresult which is immediately evident upon comparing tables | and 3 is that the 
value of the heat transport for limiting rectangles differs markedly from the value 
for rolls. This difference was found also in the non-rotating case. Again the only 
conclusion which we can draw from these results is that one must use the limiting 
rectangle in the description of the two-dimensional case. Though neither the roll 
nor the limiting rectangle can satisfy lateral experimental boundary conditions, 
nevertheless the limiting rectangle can approximate long thin rectangular 


cells. 
Air Mercury Air Mercury 

ZT} Square LR Square LR ZT? Square LR Square LR 
0-1 1-15 1-20 0:00623 00-0155 108 1-95 1-11 —0-0448 0-00993 
0-5 0-971 0-961 0:00340 0:00455 10% = 2-06 1-23 — 0-0361 0-0209 
l 0-900 0-862 0:00275 0-00322 10° 2-05 1:29 »=—0-0587 = 0-04.45 
5 0-896 0-782 0-00262 0-00244 108 2-03 1-31 —0-118 0-0924 
10 0-983 0-807 0-00329 0:00270 10? 2-02 1-32 — 0-249 0-184 
102: 1-49 1:02 0-0126 0-0048] 108 2-01 «38133 —0-608 0-342 


TABLE 3. Convective heat transport (o{wT},,)/(A—A ) for steady square 
cells and limiting rectangles. 


An additional fact which emerges from a comparison of tables 1 and 3 is that for 
air the heat transport of squares exactly coincides with that of rolls when 7 is 
large. Whether this is a chance coincidence or has some deeper significance has 
not been determined. Clearly the physical factors which enter into the determina- 
tion of A, are quite different in the two cases. 

A definite qualitative difference between the two-dimensional and three- 
dimensional cases is illustrated by the heat transport for mercury. For rolls 
a finite-amplitude instability can occur throughout the range of 77] considered, 
whereas limiting rectangles will not become unstable to finite-amplitude 
perturbations. 

We may note from table 3 that steady convective instability in mercury will 
set in the form of limiting rectangles for the range 0 < 7? < 3. For higher values 
of 7}, convection occurs in the form of square cells. Since overstability can occur 
(though at a higher Rayleigh number) when.7j = 4, further discussion about the 
expected nature of convection must be postponed until the finite-amplitude 
effects of overstability are presented. 

One can predict the cellular structure of air over a much larger range of 7j. It 
is evident from table 3 that limiting rectangles will be preferred only when 
7} < 0-5. Since overstability cannot set in until .7? + 108, convection will take 
place in the form of steady square cells in the range 0-5 < 7] < 108. 

It should be noted also that the very small amplitude of heat convection in 
mercury indicates that the heat transport curve in the H vs A graph starts off 
practically tangent to the conduction line when instability occurs. 
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In air the convective heat transport is much larger than it is in mercury. An 
interesting property for air exhibited by table 3 is that the convective heat 
transport for both the limiting rectangle and the square approach asymptotic 

> TIN : . 
values for large 7{. The asymptotic value for square cells is equal to the value 


for rolls. Furthermore, the non-rotating roll has precisely the same value | 


(o{wT},,/(A—Apo) = 2) for all fluids. The value of the heat transport for limiting 
rectangles at large 7}, approaches the same value § as it has in the non-rotating 
system. 

The results for large 7{ must be reconsidered in the light of finite-amplitude 


overstable motions. However, for small values of the Taylor number ( < 10? for | 
air, < 10 for mercury) it ought to be possible to check the above results experi- 


mentally. For instance, one ought to be able to see whether the limiting rectangle 


is actually the preferred cellular shape in air at very low rotation rates. The slope | 


of the heat transport vs A curve ought to be much steeper for low rotation rates 
than it is for zero rotation. Finally, the A, values for rolls in air are positive when 
J? is small. If this result bears even a qualitative significance to the realizable 
square or limiting rectangle, it would mean that for small .7j the heat transport is 
smaller than the value given by the A, approximation. 


To summarize the results of this section, we have found that in a fluid with 


a small Prandtl number it is possible that a finite-amplitude instability can occur | 
before the fluid becomes unstable to infinitesimal perturbations. In this case, the 


finite-amplitude motions partially cancel the effect of the imposed constraint. For 
realizable cellular patterns in mercury this finite-amplitude instability will occur 
only in the range where overstability occurs first. It is, therefore, necessary to 
look into finite-amplitude overstable motions to determine whether the fluid can 
indeed be unstable to finite-amplitude disturbances. 


4. Finite-amplitude overstable motions 


In the analysis of these motions, the method of solution outlined in the previous 
section is inadequate. The difficulty which arises in the present case can be 
demonstrated by the following argument. 

Let wy = cos pot f(x,y) g(z) be the solution to (2.1c). Then uw, vy and 7, can be 
determined from the remaining equations of (2.1). The inhomogeneous terms of 
the equations for w,, w,, ete., contain products of the lower-order functions, and 
the individual inhomogeneous terms are operated on by operators such as 
(A/ér) —V?. Asa result, terms of the type sin py7 f(x,y) g(z) may appear as forcing 
terms but they do not contribute to the evaluation of the A; since they are ortho- 


gonal to the basic solution. Therefore, they remain as inhomogeneous terms and 


will give rise to secular terms in 7, w, etc., because they satisfy the basic homo- 
geneous equation. One cannot avoid the difficulty by introducing an arbitrary 
phase since the same difficulty arises regardless of the phase of the basic solution, 
i.e. out of phase components are always generated. 

The present difficulty is not unique to the overstable problem. Indeed, one can 
conceive of examples in the steady problem in which the same problem arises. For 


example, in the basic roll solution, wy = cos 7axg(z), there are instances when 
a generated inhomogeneous term has the form sin 7axg(z). In the examples of the 
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previous section these ‘resonant’ terms always cancelled identically. However, 
it is possible that in some problems this fortuitous cancellation will not occur. 

To reduce the equations to a soluble sequence once again we add an additional 
expansion. Specifically, let 


; 0 et i , 
so that an = ar Pe We now expand p in powers of € as 
P = Pot Ep  +e*pot.... (4.2) 


where the p,; are to be determined. 

If we add (4.1) and (4.2) to the expansions (1.15) and (1.16), the equations 
(1.11), (1.13) and (1.14) take the form (where we give only the e! terms (a) and 
e? terms ()) 


( Po 2 c Lv24 F2 C 2) Po © 2) 
tw, =| ~~ V (Pos, —V )v + J (Pox, V as Aol ald via = (0) 
(4.34) 
7 _| [ 3p5 ©° _ l om o? 2 =) o 4 ie é 2 _ Ao 2 
ia \P| a? ape Pol 5a x) aa’ +(1 war raz (9 ay 
~a,(222 — v2) val wy+7 (peg —V2) Se (205 v2) vi 
No at ae ee a \o at ia 


* (p. O_ ve] (Ee v2) Log: (4.36) 


ct o ct 
Po V2) aie (4.44) 
o ct Cz 
Po © 2 Cw, pl , 
eV a 2 ee 4.41 
v ot )g, ez o ot Zoo ( ?) 
etc. 
C ~ 
(Pox, = wi Ty = TAgUo. (4.5a) 
a . oT. 7 
(po ee v2) T, = TAyuy— Py a + FA, We — Theo: (4.55) 
etc. 


The continuity equation has the form (3.4). 

One can now proceed in the same manner as in the steady case. However, both 
sets of undetermined coefficients p; and A; are used to eliminate the resonant 
terms whose forms are cos¢tf(x,y)g(z) and sin tf(x,y)9(z). Using this method we 
find that the frequency p of the overstable oscillation changes with amplitude. It 
is clear that if out-of-phase resonant terms had been generated in the steady case, 
one would have had to expand « in powers of ¢, i.e. the basic spatial wave number 
would have been a direct function of amplitude also. 
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The algebra involved in the solution of the overstable case is so extremely 
tedious and lengthy that only the solution to the stability problem and the 
method of procedure will be outlined here. The expressions for w,, 7;, etc.. and for 
Ay, Pp. will not be written explicitly. 

For the general rectangle, the solution of the stability problem is* 


W, = 4cost cosmlx cos mmy sin 72, . 


47°0A,/74 


== J ,[(a7+ 1) cost + p/m? sin t] cos mlx cos mmy sin 72, 
pert + (a? + 1)? | 
jl ; | 
Uy = —4,— costsin mlx cosmmy 
0 | 2 « 
m —_[o*(a*+ 1) cost+a(py/7") sin t} | (4.6) 
+—. TF, er eee - cos mlx sin mmy | COS 772. | 
a pel + o*(a*+ 1)" | | 
jl _o%(a?+1)cost+o(po/m)sint . 
v= 4-—T, ee . sin mlx cos mmy 
1a” pelm* + o*(a* + 1)° 


m * | 
—— cost cos mlx sin my COS 772. 


> 


The inhomogeneous term in (4.30) can be determined as a function of p,, A, and 
the remaining (known) parameters of the problem. We now have an expression 
with non-resonant forcing terms plus terms of the type 


\(ap, + bA, +c) cost + (dp, - eA, +f) sint] cos mlx cos mmy sin zz. 


The coefficients a, b,c,d,e and fare functions of previously determined parameters. 
One evaluates p, and A, so that the coefficients of the resonant term vanish. It is 
then possible to go on and determine the higher order A; and p; in the same 
manner. 

As in the steady case, A, vanishes and p, = 0 here. Therefore, we must consider 
e* terms to determine the first finite-amplitude effects. This evaluation was 
carried out for the case of the general rectangle and numerical results were 
computed for square cells and limiting rectangles in air and mercury. The results 
for the convection heat transport (as given by the e? approximation (3.14)) for 
overstability are shown in table 4. 

A comparison of the values of the convective heat transport for air in tables 3 
and 4 indicates that heat is convected in air by steady cellular motions for 


Ti < 10°. However, for.77 > 10°, overstable oscillations with a cellular pattern | 
of squares will become the preferred motion in finite amplitude even though | 


instability occurs as steady convection. The preference for overstability is very 
slight, and experimentally one may expect either type of motion to occur. The 
sequence of preferred finite-amplitude motions in air is: steady convective 


* We can, of course, include arbitrary phases in the horizontal co-ordinate dependence 
and in the time dependence. However, no loss of generality is involved in writing the 
solution as given by (4.6). The ensemble average is now an average over the horizontal 
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mely | limiting rectangles for 7] < 0-5, steady convective squares for 0-5 < 7j < 10°, 

1 the and overstable square cells for 7} > 10°. 

id for The cross-over from steady convection to overstability in mercury takes place 
at lower values of .7? and is indeed much more definite. As we noted earlier, 


” 


steady limiting rectangles occur for .77 < 3 and the system changes over to 


Mercury Air 
7 Square LR Square LR 
5 0-00416 0-0016 
10 0-00431 0-00303 
(4.6) 102 0-0136 00207 
108 0-0394 0-0444 l-14 1-31 
104 0-0733 0-0728 1-66 1-55 
105 0-107 0-105 1-95 1-59 
106 0-128 0-126 2:07 1-60 
107 0-138 0-136 2:13 1-61 
105 0-146 0-144 2-16 1-62 


TABLE 4. Convective heat transport for overstable square cells 
and limiting rectangles. 
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‘tive | steady square cells when 7j > 3. Overstable square cells are preferred when 
7? = 4-5 and remain as the preferred motion until JT? = 20. However, at this 


lence ‘ tena ; - : 
+ the | Point overstable limiting rectangles come in and are preferred to squares until 
ntal | 73 = 7x 103, when overstable square cells become preferred again. These results 


are summarized in figure 8. It should be noted that the preference for square 
cells over limiting rectangles at large Taylor numbers is based on a very small 
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difference in heat transport (1 to 2°). It may therefore be very difficult to obtain 
any recognizable stable pattern unless one were to make the determination at 
larger A where higher order effects may conceivably solidify the preference. 

The convective heat transport for mercury is a small fraction of the conductive 
heat transport throughout the range of 7] considered, and one may expect the 
H vs A curve for A > A, to be practically tangent to the conduction line until higher 
order effects become important. In air the heat transport curve breaks away 
quite sharply after instability and has about twice the slope of the pure conduc- 
tion line. 


Mercury Air 

7 i Square LR Square LR 

5 11-3 0-735 

10 2-30 1-80 

10? 0-332 1-18 

10° 6-28 x 10-2 0-263 —2-14 1-33 
104 5:46 x 10-8 6:03 x 10-? —1:16 0-466 
105 - 2°48 x 10-3 2°13 x 10-* — 0-558 0-160 
108 - 1-93 x 1U-3 8:61 x 10-* — 0-292 0-0616 
10? -9-91 x 10-4 4:20 x 10-8 — 0-138 0-0260 
108 — 5:80 x 10-4 1-80 x 10-8 — 0:0645 0-0115 


TABLE 5. The coefficient p,A,/p)A, for mercury and air. 


One of the most important results in the finite-amplitude study of overstable 
convection is that neither mercury nor air become unstable to finite-amplitude 
perturbations. Since the overstable oscillations in mercury take place at a much 
lower value of A, than does steady convective instability, the fact that the latter 
can become unstable to finite-amplitude perturbations will not be observed 
experimentally. 

The finite-amplitude effects on the frequency of the oscillation can be deter- 
mined by (4.2) which, to the e? approximation, has the form 

Pp D €& - 
(4.7) 


— + — Io. 
mo 2 eh? 


Using (3.13), equation (4.7) can be written 


9 


p — Pol, , Paro = ae. (4.8) 
m2 mm? pyAe \Ag 


The coefficient pyA9/PoAzq is shown in table 5 for air and mercury. When the 
change in the frequency is negative, the correction decreases the convective heat 
transport (since A, is a function of p,). One of the most surprising features 
exhibited by the change in the frequency is the magnitude of effect on the heat 
transport even when the change in the frequency is extremely small, as it is for 
higher rotation rates in mercury. Indeed, the value of A, in mercury without the 
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ps correction is negative for 104 < 7} < 10’. The change in frequency causes A, 
to become positive, and the system is stable to finite-amplitude perturbations. 
Thus, the non-linear change in frequency effectively stabilizes the system in this 
part of the range. Where p, is positive, the non-linear change in frequency makes 
the system less stable. 


5. Summary and conclusions 

The most important conclusion in the stability investigation is that over- 
stability occurs because the fluid is thereby able to reduce the constraint of the 
imposed rotation. A second conclusion of considerable interest is that in steady 
convective instability the wavelength of the cell measured along the boundary 
(as it is distorted by the rotation) is equal to the wavelength of the non-rotating 
cell. Other results (which are explicitly or implicitly contained in Chandrasekhar’s 
original investigation (1953)) are that overstability cannot occur in a fluid with 
a Prandtl number greater than ,/3 because the rate of dissipation of kinetic energy 
always exceeds the rate of release of potential energy for larger o, and that 
overstability cannot occur for sufficiently low rotation rates because the tendency 
of the fluid to undo the external constraint is more than offset by the increased 
dissipation due to the time-dependent motions. 

For a range of the external parameters it is possible for the fluid, through 
finite-amplitude growth, to decrease the effect of the external constraint by 
generating a motion to counteract the effects of the imposed constraint. In cases 
where this happens, the fluid may become unstable to finite-amplitude dis- 
turbances before it becomes unstable to infinitesimal perturbations. Neither air 
nor mercury, the two fluids considered here, will exhibit this finite-amplitude 
behaviour under laboratory conditions. 

More particular results in the finite-amplitude study are as follows. As the 
rotation rate is increased, the preferred cellular pattern for convection in air 
changes from steady limiting rectangles to steady squares to overstable squares 
(overstable square cells are preferred in finite amplitude even though the fluid 
first becomes unstable to steady convective motions). In mercury the sequence of 
preferred cellular shapes changes with increasing Taylor numbers from steady 
limiting rectangles, to steady squares, to overstable squares, to overstable 
limiting rectangles, and finally, when.7] = 10®, to overstable squares again. The 
heat convected by mercury after instability is only a small fraction of the con- 
ducted heat, and consequently the HvsA curve will not show the very sharp 
breaks which are exhibited in the non-rotating system. In air the convective heat 
transport is at least as large as the conductive transport for all rotation rates, and 
the H vs A curve will show a sharp break at the point of instability. 

The frequency of the oscillations in overstable motions is a direct function of 
the amplitude. The change in frequency is too small to be noticeable in mercury 
when.7j > 50. However, even when small, the change in frequency has a marked 
effect on the heat transport. 

According to the present investigation the fluid reacts to the imposed con- 
straint by generating internal motions which counteract the external constraint. 
This result hints rather strongly that in general, when a fluid is subjected to 
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external constraints, it may generate motions which tend to offset the constraint.* 
In particular, in an electrically conducting fluid it is possible that a magnetic 
disturbance will grow so as to offset even further the constraint of the imposed 
rotation. In such a case the preferred convective state would be one with a self- 
generated magnetic field. 

An additional suggested result with fairly broad application is the reason for 
the possible occurrence of a finite-amplitude instability. In other problems, such 
as shear flow in a channel, a finite amplitude instability can also occur (Meksyn & 
Stuart 1951). The one feature which these problems have in common is the dual 
role of viscosity mentioned in the introduction. Viscosity acts as an energy- 
releasing mechanism as well as a dissipative mechanism. Since finite-amplitude 
growth is invariably accompanied by increased viscous dissipation, one would 
not expect a finite-amplitude instability to occur unless the fluid were able to 
release even more potential energy. The fact that viscosity can fulfil the role as the 
energy-releasing mechanism suggests that this dual role of viscosity is essential to 
finite-amplitude instability. 

It is interesting to note that the information concerning the appearance of 
a finite-amplitude instability is a consequence of an investigation which is 
pivoted about the linear stability problem. Application of the method described 
here to other problems, such as shear flow in a channel, may yield important 
results concerning the possible occurrence of finite-amplitude instability. One 
still feels, however, that the tools which we possess for treating finite-amplitude 
problems are woefully inadequate and that a more direct approach to non-linear 
stability problems should be sought. 

A note should be added about an alternative, integral, technique for deter- 
mining finite-ampiitude effects. The method employed by Stuart (1958) and 
discussed in I is based on the power integral which can be derived by multiplying 
(1.11) by 7 and averaging. If quantities with the form of the stability solution 
are substituted into the power integral, one can then deduce the amplitude of 
wor T as a function of the external parameter A. However, in the present problem 
this type of evaluation would yield results which are misleading because the 
principal effects in the determination of amplitude are those which result from 
the zero-average non-linear terms. These terms do not appear in the power 
integral. 

Finally, what are the possible applications of these results to the fields of 
geophysics and astrophysics? (a) The formal technique described here together 
with the relative stability criterion provides a means for determining the 


* The first finite-amplitude result (A,) for rolls was computed for an electrically con- 
ducting fluid subjected to heating from below and cooling from above and with an imposed 
magnetic field. As Chandrasekhar (1952) has shown, the imposed magnetic field acts as 
a constraint on the system in much the same manner as does the rotation. In the finite- 
amplitude computation, A, is negative for a restricted range of the parameter 9/«k, where 7 
is the magnetic diffusivity. The range lies within the range of values of 9/«K within which 
overstability can occur. Therefore, the possibility of finite amplitude instability exists also 
for this case, although it cannot occur in experiments realizable in the laboratory. The 
parametric values correspond to those which can exist in stellar atmospheres as Chan- 


drasekhar has shown. 
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preferred finite-amplitude configuration of any statistically steady system with 
a solved stability problem. The principal limitation of the method lies in the 
formidable computations which may be required to carry out the analysis. (6) The 
very important role of viscosity as the energy releasing mechanism in a gyro- 
scopically constrained system indicates that one ought to exercise some care in 
using such approximations as that of geostrophic flow in discussing the energetics 
of the fluid. (c) The ability of a fluid to react to externally imposed conditions may 
Jead to a fuller understanding of the mechanistic behaviour of large-scale systems 
such as the atmosphere or the ocean. 


A number of the ideas which are presented in this paper were a direct result of 
discussions with W. V. R. Malkus, and I wish to acknowledge his many valuable 
suggestions. The work was performed under the auspices of the Office of Naval 
Research and is Contribution no. 985 from the Woods Hole Oceanographic 
Institution. 
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Ring vortices generated electromagnetically 
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If an electric current of uniform density j, is passed axially through a stationary 
fluid between concentric cylinders of radii 7, and r, ( > r,), the fluid is stable to 
axisymmetric disturbances only if the damping provided by viscosity and 
electrical resistivity is sufficiently large. It is shown herein that the fluid may also 
be stabilized by passing a line current J along the axis, sufficient conditions for 
stability being J <¢-aj(8-2), ot oJ xi. 
The values of J needed to stabilize the fluid when the fluid has non-zero viscosity 
and finite conductivity are calculated for the case r,—7r, < r,. In this latter case. 
the ring vortices which exist under conditions of neutral stability are exactly the 
same as those tor flow between rotating cylinders if J and j, have the same sign. 
and if J is not very small compared with 7j97?. 


1. Introduction 

In a remarkable paper (Taylor 1923), Taylor presented the results of his 
analytical and experimental investigation of the stability of a viscous fluid 
between two rotating cylinders. The vortices which he found in the fluid for 
unstable conditions have since been found to be present in many fluid flows with 
curved streamlines. The cause of these vortices is here dynamical in nature, i.e. it 
is due to the centripetal acceleration of the fluid which is tantamount to a centri- 
fugal force. Can similar ring vortices be created in a quiescent fluid? The 
answer is in the affirmative if electromagnetic forces are allowed. In the following 
sections, it will be shown that Taylor vortices can occur in a fluid between con- 
centric cylinders if a longitudinal electric current passes along the axis of the 
cylinders and another passes through the fluid. Specific results are given for small 
differences in radii. The cause of instability is the centripetal electromagnetic body 
force acting on the fluid in the undisturbed state. 


2. The undisturbed state 


The relationship between magnetic field strength H and current density j is 


curlH = 47j. (1) 


In cylindrical co-ordinates (r, 9, z), a current J along the centre line (z-axis) of the 
cylinders will give rise to a circular magnetic field equal to 2.J/r, current being 
counted as positive if it is in the positive z-direction. The circular magnetic field 
due to a current of density j, passing between the cylinders in the axial direction 
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is 277j)(r? — r3)/r, if the radii of the cylinders are denoted by 7, and r,( > 7,). Thus 
the undisturbed state is characterized by 


— an 
= a= = , H, = 277 (— + Jor). J’ = J — Tori. (2) 


~~ 
A 


It can be shown that a quiescent state of the fluid is consistent with the 
magnetic field given by equations (2), and that the only effect the field has is to 
change the (hydrostatic) pressure by an amount consistent with the equation of 
equilibrium. 

The electromagnetic body force per unit volume of the fluid is — uj) H, acting 
in the (outward) radial direction. Since this body force is similar to the pseudo- 
body-force (so-called centrifugal force) in the case of a fluid under rotation, 
instability of the fluid can be expected to occur under suitable conditions. 


3. Formulation of the problem 

With (u,v, w) and (H,, H,, H,) denoting the components of the velocity and of 
the magnetic field strength in the directions of the (r, 7, z)-co-ordinate lines, the 
equations of motion for an incompressible fluid are 


(pu 2) oN C: sel _ ft (DH, He) 
= —+pr|V*u—--—--5- ——-——}, 
\Dr a er pr| Y Fol 4n\G nF 
Dv - lov ee | Le OM. H, rv) 
>| — = — | V2v— : 
f Dr~ r r 00 f | fale) ve r 
Dw ox bh DH, 
-=— + pvV2w+- =, 
PD dz f ae Yr 
en HAI? 
‘hic = ——— + pQ, 
in which a a ie a d 
GY 0 Ho C 
= H,—+—~,+H,; 
Dr ot r 00 t Oz’ 
D 0 0 wea C 
— = —- _— —-= an v= 
Dr or ae" 720 a 
nL 
Or2 ror r2c62 02?’ 


and p is the density, 7 the time, v the kinematic viscosity, ~ the magnetic 
permeability, and Q the gravitational potential per unit mass. The equations for 
the magnetic field are 


DH, Du. . H, 2 oy) 
Dr a7 t\V a an 
DH, vH, Dv — u Hy 2 OH, 
eerie ar ee aa 3 
DH. 


x Dw 
— — —__+4y7V?H., 
Dr Yr f 3 


in which 7 is the magnetic diffusivity. 
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A disturbance of the stationary fluid will give rise to small velocity components 
(u,v,w), and a deviation from the equilibrium magnetic field denoted by 
(h,. hg, h,). The total magnetic field is then given by 


e 


| i 
» 7 4 
h,. 2n( jor) + ho h,. 


If these are substituted in the equations of motion and the equations of magnetic 
diffusion and all quadratic terms in u,v,w, and the h’s are neglected, and if 
axisymmetry is assumed, the following linearized equations are obtained: 


ou ox’ = _ ( ee 
— = ——+pr[V2u—- =) —4(— +Jo) Ao. 
Par a ae | U3) Nae T Io (3) 
02 a v ; 
px = pv( V2 -5] + [joh,. (4) 
Pa, = og te o 
ch 
— 2 | ae 2 
i: nV h, (6) 
Ch,  4J’ = h, - 
a w+(V ho-—z) (7) 
oh, 
= = wV%.. (8) 
or : 
; a ee 
in which V= aatra tae X =P 4 Hole 


with p’ denoting the pressure perturbation. The equation of continuity is 


O(ru) | o(rw) eR (9) 


er Oz 
since compressibility can be neglected. 
From the form of equations (6) and (8) we can conclude that h, and h, will be 
damped out if they are not initially everywhere zero (see Yih 1959). Then from 
equation (4) we conclude further that v will also be damped out. The differential 
equations to be dealt with are then equations (3), (5) and (7). Eliminating y’ from 
equations (3) and (5), we have 


0 (ow cu 1\ (cw ew J’ ch 
me, fae tee (v2—5) (2-2) +4(4+40) <2. (10 
Paz \ or =a) pr( r2]\ Or oz, ING RIO} Ge ) 


r 2 TV 
(r’,2') = (— ). t=-—. 


hy ry 
‘ur, wr, h 
(u,,W,) = (3,7), = 4 
V Vv / Jo"1 
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where r, and r, are the radii of the inner and outer cylinders. Then, on dropping 
the primes on r and z, we can write equations (10) and (7) as 


ce Be = (ve 5) (-S)+ 4(3+1)2 any 
ct\ cr ez v2} \ or oz} ~ \r Oz’ 
oh 1\,  47B 
= (y2_) hw, (12) 
ct v ey rs 
2,4 A ie 
in which A= B=u—,. (13) 
pv* 7011 


Following Taylor, we can make the following substitutions: 
=) ed —} 
(u,,W,,4,) = (U(r) cosmz, Wir)sinmz, h(r) cos mz]e”, 


in which m is the wave number for the z-direction. The equation of continuity then 


ae rU'+U+mrW = 0, (14) 
and equations (11) and (12) become 
(L—m?—o)(L—m?)U = -m?A(5+1) (15) 
(Z—me—) = col (16) 
yr? 
; \{l | 
in which L=D\pr)\, D=<.. 
\r dr 
- By 
With U=-—m?Af and = _— : 
equations (15) and (16) can be written as 
E 
(L—m?—o)(L—m?) f = (a+1) 4, (17) 
(Z—m—")i = mw. (18) 
\ y r 
The boundary conditions corresponding to 
U=W=0 at r=1 and a oe 
ry 
are f= Df = 0 at r= ] and r=a2. (19) 


The simplest realistic boundary condition for h is that which corresponds to zero 
electrical conductivity of the walls, that is, toj, = 0. But 


. _l0hs chy __thg (for axisymmetry). 


Ir 00 Oz 0z 
and so the boundary condition for h is 
h=0 at r=landr=a (20) 


for non-conducting walls. The task is to find the relationship between N and m 
for a given value of B, from the differential system consisting of equations (17) 
and (20). 
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4. Sufficient condition for stability 

A sufficient condition for stability can be given on physical grounds, in the 
manner of Rayleigh (1916), or on mathematical grounds, in the manner of Synge 
(1938). The physical proof relies upon the fact that for a magnetically non- 
diffusive fluid (7 = 0) the lines of force move with the fluid. The proof for this 
well-known fact is identical with the proof for vorticity lines in an inviscid fluid 
(Lamb 1945, p. 204), and is available elsewhere. In $3 of this paper it has been 
shown that H, and H, (or h, and h,) will be damped out. In a discussion of the 
sufficient condition for stability it can thus be assumed that only H, is different 
from zero. Since the total magnetic flux round a thin material ring of fluid is 
constant, and since by continuity the volume of this ring must be constant, so 
that its cross-section varies inversely as its radius 7’, H, must be equal to kr’ 
(r’ dimensional), with / as the constant (for the ring as it moves) of proportionality. 
The body force per unit volume in the r-direction, which is in general (Yih 1959) 


M 4(¢|H|?) OH, H, 0H, OH, 
477 er Or r 06 "Oo F 
can in the present discussion be written as 
oe Ma 
os i + =e) 
47 cr r 
Now imagine the thin material ring with a magnetic flux in the 7-direction to be 
instantaneously situated at the position indicated by 7’. The sole effect of the 
term 
lt H oH, 
4n ° Or 
is to reduce the pressure throughout the ring by an amount 3/87, and therefore 
has no effect on the work done by the ring against pressure applied externally on 
the surface of the ring. Consequently, the only force acting on the ring which can 
be properly counted as a body force is 


le Hj 
4n rr 


Since the instantaneous value for r is r’ for the thin ring, and since H, = kr’. this 
force can be written as 2 
‘ poy! 
- ik? 
The potential energy due to this centripetal force is then k?r'?/877, which increases 
with 7’ for any particular value of k. 
Returning to the distribution of the mean field H, specified earlier in this paper. 
we can imagine the fluid in its mean configuration to be composed of thin shells, 
each with a different value for & given by 
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| Since a higher value of k? corresponds to a ‘heavier’ fluid, and since stability will 
ensue if a ‘heavier’ fluid shell occupies a position of lower potential energy (hence 
smaller r), one concludes that a sufficient condition for stability is that the 


| quantity iy P 

(73 Jo 
does not increase outwards—a situation which is possible only if 

- > (gf _ 98 , re 

J <—mj(rz—r{) or J > Jor. 

| In this physical proof magnetic diffusivity has been neglected. It is tacitly 

assumed that, if a fluid with no magnetic diffusivity is stable, one with magnetic 

diffusivity will be so a fortiori. For the type of instability under discussion, this is 

a valid assumption, as will be demonstrated by a mathematical proof (of the 

sufficient conditions just reached), in which the effects of viscosity and magnetic 

diffusivity are not neglected. Whether magnetic diffusivity can have a de- 

stabilizing effect on certain flows, in the manner that viscosity can sometimes be 

destabilizing, is not known. An investigation of this possibility would be highly 

interesting. 

For a mathematical proof of the same result one turns to the dimensionless 
equations (17) to (20). Multiplying equation (17) by rf (f being the complex 
conjugate of f) and integrating (by parts if necessary) with respect to r between 
| and a, we have, upon utilization of the boundary conditions on f. 


[, + (2m? + 0) L, + m?(m? +o) L, = (" — 1) rhf dr, (21) 
71 / 
in which 


a . a 


a y a 1 , a 
a | r\ftdr, h=| —|Drf|%dr, I, =| r| Lf |2dr. 
J1 Jet 1 
Similarly, by multiplying equation (18) by rhand rh and integrating, one obtains, 
respectively, 





H,+ (m?+ —} H, = —m?N fh dr, (22) 
y Ja ? 
Af, + (m? + = H, + 2 [" rhD(rh) dr = —m?N [ rfhdr, (23) 
J1 J1 


in which 
Hy =| r|hi|?dr, AH, = |" |Drh|?dr, HA, = | 7 \h|?dr, =| r|Drh|* dr. 
1  ) ; 1 


1 


v1 ny 


‘Equations (21) to (23) can be suitably combined to eliminate the integrals on the 
right-hand sides. The result is 


m?N (Ip + 2m?I, + m4],) + B(H, + m?H) + (Hy + mg) 


Ma — 3 , 
-2| rhD(rh) dr + o( m2N 1, + mV I+" H+ H,| =0. (24) 
1 


rhD(rh) dr + 4 rhD(rh) dr = r2hh if = 0, 


1 “1 


But since | 
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the real part of the integral in equation (24) is zero. Taking the real part of (24), 
we have 


m*N (I, + 2m7I, + mI) + B(H, + mH) + (H+ m7.) 


Bs 
+ o,(m*NJ, +m4N I, + 4 Hy + : 1) =0. (25) 


Now from the definitions of the integrals denoted by H, it is evident that 
oH, >H,, and a*H, > H,. 
Thus, since N and B are of the same sign, if 
—B>a*, or B> 0, (26) 
25) that o, is negative, and the fluid is stable. With the 
3), the sufficient condition of stability is therefore again 


found to be : We 7 
$—ri) or J > njori. (27) 


it follows from equation ( 
definition of B given by (1 


5. Solution for small spacings 


For small spacings of the cylinders, the operator L in (17) and (18) can be 
replaced by D?. If the dimensionless parameters are now re-defined as 
™T , r—T; 2nd 
t=—, § =—~(rdimensional), m =—., 
d? d A 
in which d is r, —r,, and A is the wavelength in the z-direction, equations (17) and 
(18) can be replaced by 





,. fay" 2Bd 
(D? —m? — a) (D? — m?) f = () |B +ij}~ ——¢ h, (28) 
fs t, 
| 2d , 
(D?-m?-—)] h= m2N (1 —° -€) J. (29) 
\ 0 LN 
where D stands now for d/d&. The boundary conditions are 
f=Df=0 a £=0 and |, (30) 
h=0 at £=0 and l. (31) 


We shall investigate the stability for the cases in which the two currents are in the 
same direction(— B < 1),sothat theelectromagnetic body force on the undisturbed 


stateiscontripetal. If B isnot nearly equal to — 1, equations (28) and (29) become | 


(since d/r, is assumed to be very small) 
[Ty J 


9 9 9 9 . ‘d : | 
(D? — m? — 0) (D? —m?) f = (B+1)(=) h. (32) 
1 


( >» —m? — ) h = m?Nf. (33) | 
7), 


Effectively the same equations with the same boundary conditions as for the 
problem at hand have been solved exactly by Pellew & Southwell (1940), who also 
proved that for neutral stability o is zero and not purely imaginary. Comparing 
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equations (32) and (33) with Pellew & Southwell’s equations (see Lin 1955, p. 108), 
we find that the parameter corresponding to Pellew & Southwell’s R (Rayleigh 


number) is ‘ed - 3 Pp 
T= -(1+B)x(5) _ a) (<) 
ay 7™pVvy r; 
According to Pellew & Southwell’s solution, then, 
T = 1707°8. (34) 


If 1+ B is positive but of the same magnitude as d/r,, and if the principle of 
exchange of stabilities is assumed, equations (28) and (29) become 


d\4 
(D?— m2)? f = (1 +B)(*) (1+ fE)h, (35) 
"1 
(D?—m?)h = m?Nf. (36) 
2dB ai 
where a" (37) 


The boundary conditions are still specified by (30) and (31). Solution of the 
differential system for three values of £ by the method of Chandrasekhar (1954) 
yields the corresponding critical values of 7’ as given in table 1. 


1; er 0-25 0-5 1-0 
ee ee Se ee ——— 
DE <i; 3-12 3-13 3-12 3°13 3-12 3°13 
T' (1st approx.) 1524-5 1524-6 1372-1 1372-1 1143-4 1143-4 
T (2nd approx.) 1524-4 1524-4 1371-6 1371-7 1142-4 1142-4 
T (3rd approx.) 1518-0 1518-0 1365-9 1366-0 1137-7 1137-7 
TABLE | 


Computation for the case of negative J(1+ B < 0) has not been performed. 
However, from the definition of N it can be seen that N is negative for negative J, 
and from the forms of (35) and (36) it can be seen that the fluid is probably stable 
for negative J unless |1 + B| is very small and f large. For very small |1 + B|, the 
modified parameter 1" = pr 


can be advantageously used instead of 7’. A table for 7” can be easily constructed 
from table 1. The value of 7” for negative J of small magnitude or for small |1 + B| 
is not much different from that for small positive J, so that a rough measure of it 
can be obtained by extrapolation from the table for 7’. This measure can be 
improved by extending the range of / in Table 1, and hence in the 7”-table derived 
therefrom. 


6. Feasibility of experiment 


For an experiment the most favourable value of B for the occurrence of ring 
vortices is of course — 1/2. If d/r, is 0-1, for the critical case 


<2 4 
PTO _ 1707-8 x 108. 
4 pvn 
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For mercury, we have, in e.m.u., 
l > » 
n = —— = 8000cm*/sec, “= le.m.u., 
AT Wo 
v= 1-12x 10 cm?2/sec, p = 13-6g/c.c. 


For 7, equal to 10cm and d equal to lem, 


Jo = 257e.m.u. = 2570 amp/em?. 
The total current through the annular space is then 
207), = 1-62 x 10° amp, 


which is obviously a tremendous current. However, this current is the same (for 
the same d/r,) regardless of the size of the apparatus, and the total power per 
metre (which is roughly 4160 kW for7 = 10cm) decreases in inverse proportion to 
the square of the lateral dimension of the apparatus. Furthermore, the heat 
capacity of mercury per metre of length increases in direct proportion to the 
square of the lateral dimension. Thus the danger of boiling decreases rapidly as 


the lateral size increases. For highly ionized gases with a density much smaller 


than that of mercury and with very high conductivity, the necessary current for 
ring vortices to occur will be very much reduced. Unfortunately a simple experi- 
ment with a small apparatus does not appear feasible. 


This work was jointly sponsored by the University of Michigan and the Oftice 
of Ordnance Research of the U.S. Army. The computational service of Mr Wei Lai 
was supplied through a faculty research fund by the Rackham Graduate School 
of the University of Michigan. 
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The supersonic flow past a leading edge 
separation bubble 


By A. W. SHARP 


Department of the Mechanics of Fluids, University of Manchester 
(Received 24 August 1958) 


The supersonic flow field outside a leading edge separation bubble has been com- 
puted in detail by a special application of the method of characteristics. Experi- 
mental observations on a two-dimensional square-nosed flat plate at M = 1-96 
formed the initial data, and base points were established on the plate surface. 
Computations proceeded outwards and upstream to the sonic line and bow wave. 
the bow wave entropy gradient being taken into account. The shape of the sonic 
line was found to be very sensitive to the conditions along the plate surface. 
Streamlines and iso-Mach lines have been interpolated and are presented. Good 
agreement was found at the intersection of the network and the bow wave 
between computed values and those given directly by the shock wave equations. 
A comparison has been made with interferometric results from France. 


1. Introduction 

The two-dimensional supersonic flow past a square-nosed flat plate involves 
a detached bow shock wave with a resulting region of mixed flow. Also, the 
boundary layer on the front face of the plate is unable to negotiate the right-angle 
corner and separates, reattaching to the plate some distance downstream. The 
region enclosed between the separated boundary layer, or mixing region, and the 
solid boundary is termed a separation bubble. Such bubbles have been noted 
previously, for instance by Holder & Chinneck (1954), who photographed and 
pressure-plotted the region at Mach numbers below that of the present work. 
Separation bubbles have also been observed to occur on the leading edge of thin 
aerofoils. 

After traversing the bow shock wave. the flow close to the centre line is 
subsonic, but accelerates to supersonic speed, attaining a Mach number of unity 
at the sonic line which joins the bow wave sonic point to the sonic point on the 
plate. Of these two end-points, the former is easily determined from the bow 
wave slope, and the latter is generally accepted to lie at the corner of the plate. 
However, the shape of the sonic line between them and the interdependence 
between its shape and the conditions along the separated region and the solid 
boundary farther downstream are not known. 

It appeared possible that the supersonic portion of the external flow field 
might be computed by the method of characteristics if the flow conditions along 
the plate were known. It was hoped that the shape and location of the sonic line 
might be determined, and that its relationship with the boundary conditions 
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would be clarified. The procedure followed is described in the present paper, the 
basic data being the experimentally determined pressure distribution and bubble 
profile. On suitably spaced base points a characteristics network has been con- 
structed, which extends upstream to the inboard portion of the sonic line, and 
outwards to the bow wave. In this way, it has proved possible to determine the 
inboard part of the sonic line, and also the streamlines and iso-Mach lines in the 
supersonic region. 

In § 2 below the basic experimental results are described, whilst their conversion 
to usable form is discussed in § 3. Details of the actual computation follow in §4 
and a discussion of the resultant flow field is given in § 5. 


2. The basic experimental data 
The flat plate of .°, in. thickness was mounted at zero incidence in an inter- 
mittent vacuum-operated wind tunnel of working section dimensions 5 in. x 4in.; 





this wind tunnel has been described previously by Bardsley & Mair (1951). The 
plate spanned the entire 4in. width of the working section and was supported | 
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FiGURE 1. Static pressure distribution near leading edge of flat plate. 


from downstream by two arms. The Mach number was 1-96, and atmospheric 
stagnation conditions yielded a free stream Reynolds number of 3-44 x 105 with 





a length scale of one inch. The humidity of the air was maintained well below 
0-2¢/kg in order to avoid condensation effects. Pressure tappings of 0-015 in. 
diameter in the surface of the plate communicated, via a buried tube, with an 
absolute mercury manometer of accuracy + 0-1 mm of mercury. 

The measured pressure distribution on the plate is shown in figure 1. P is the | 
static pressure and H the free stream stagnation pressure. The broken curve at 
the downstream end indicates the expected return to free stream static pressure. 
The upward kink in the observed curve is thought to be due to compression and 
rarefaction disturbances propagated downstream from the bow wave-boundary 
layer interaction on the tunnel windory, and has been ignored in what follows. As 
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er, the | would be expected, the pressure inside the front portion of the bubble is constant, 
yubble | but is followed by a rapid pressure rise through the recompression fan. 
n con- The flow pattern was photographed, using a conventional two-mirror schlieren 
e, and | system witha flash-tube as light source. A photograph of the nose region is shown 
ne the | in figure 2 (plate 1). The apparent thickness of the shock waves and separated 
in the | boundary layer is due to interaction with the window boundary layer, and to the 
flow not being truly two-dimensional. 
ersion 
‘ing4} 3. Conversion of data 

The static pressure distribution was first converted into the surface Mach 
number distribution, allowance being made for the loss of stagnation pressure 
suffered when the stagnation streamline traversed the normal bow wave. The 
pressure across the separated region was assumed to be constant at each station. 














— The schlieren photograph was then enlarged to eight times natural size, and the 

— ordinates of the bubble profile were carefully measured at a number of stations. 

; ; | Similar measurements were taken of the bow wave location and shape. It was 

ai now necessary to fit analytic curves to these profiles in order that the ordinates 
and slopes could be calculated at all points. 

The bow wave co-ordinates were fitted very well by a cubic over the range 
required. From this curve, the slope of the bow wave at any ordinate could be 
calculated, so that the bow wave sonic point was located precisely. The fitting 
of curves to the bubble profile proved to be rather more difficult. The initial 
direction of the separated layer was calculated, assuming sonic conditions at the 
corner, and knowing the bubble static pressure. The photographic ordinates were 
well fitted by a combination of three curves, namely an ellipse from the leading 
edge to just beyond the point of maximum height, followed by a straight line 
down towards the surface, and a circular arc between the line and the surface. Of 
these curves, the ellipse had the correct slope at the leading edge, the straight line 
was tangential to both the ellipse and the circular are, and the plate surface was 
tangential tothearc. A trial set of computations based on this boundary, however, 
produced kinks in the iso-Mach lines and flaws in the recompression shock wave. 
These flaws were traced back to the concave portion of the profile, and it was 
realized that a smooth distribution of (9+¢) along the boundary had not been 
obtained, although both @, the flow direction, and ¢, a function of Mach number, 

heric | ™dividually had smooth distributions. This requirement for a smooth (4 +) 

with | distribution proved difficult to satisfy, but was eventually achieved by fitting 

elow | 2 parabola and a quintic to the recompression region. The condition that (0 +?) 

15in, | Must vary smoothly along the boundary therefore severely limited the choice of 

han} curvesa vailable for fitting, and also demonstrated the close relationship between 
| surface conditions and sonic line shape. 

s the | ; 

eat | 4 Details of the computations 

sure. 4.1. The first approximation 

.and| The information available, namely the distributions of flow direction, Mach 

dary number, and bubble height along the surface made it possible to commence the 


;, As} calculations after selecting suitably spaced base points. These were selected to 
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coincide with the static holes over most of the bubble region, but this spacing was 
varied where necessary. Thus, close to the leading edge the bubble curvature is 
much increased, and the base points are accordingly much closer together; 
conversely, far downstream conditions become almost constant, and a much 
wider spacing is acceptable. The data were sufficient to permit the computation, 
by the method of characteristics, of the flow field enclosed by the first minus Mach 
line from the leading corner and the plus Mach line from any surface point 
downstream. (Plus and minus Mach lines are defined in figure 3.) Since the 
surface static pressure becomes constant downstream of the bubble, the flow field 
may be investigated as far downstream, and hence as far outwards as is required, 
the conditions on all plus Mach lines being known. 





Minus Mach Plus Mach 
line line 











Ficure 3. Angles used in computing H from F and G. 


Using Cartesian co-ordinates x, y, the characteristic equations for the Mach 
lines may be written (see Meyer 1948), 
d 


y oo 
—_—_= 0 + se 
i tan (9 + 1) 


sin 4 COs [Ll 
dox—! ~dp = 0, 
f 


9 
where the upper and lower signs refer to plus and minus Mach lines respectively. 
(wis the Mach angle, # the angie between the x-axis and the velocity vector, p the 
density, a the velocity of sound, and p the pressure.) Equation (2) may be 


rewritten in the form ; 
d(t+0)+dosin 2u = 0, 


ds 
2yR° 


1 
where dt = cot fe and do= 
q 
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FIGURE 2 (plate 1). The separation bubble. 
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Here, q is the velocity magnitude, s the specific entropy. y the ratio of specific 
heats, and & the gas constant. It may be shown that 


t= u—47+A-' cot! (A! tan p), (4) 


where A = [(y-1)/(y+ DB. 
The function (1000—?), normally referred to as the pressure number, has been 
tabulated for y = 1-400 by Herbert & Older (1946). 

As a first approximation, the difference in entropy change between adjacent 
streamlines across the curved bow wave was neglected, so that equation (3) 


became d(t +0) = 0. (5) 


From equations (1) and (5), a network of points was constructed by the usual 
method of characteristics, extending upstream and outwards and based on the 
surface points. In the expansion fan at the leading corner, minus Mach lines were 
chosen at intervals of 5° in @. Iso-Mach lines were drawn in by interpolation for 
Mach numbers, /, equal to 1-1, 1-2, 1-3, and were found to be kinked, due to an 
irregular surface distribution of (#+t). The mechanism of this effect may be 
explained as follows. In figure 4, ignoring entropy differences. 


(O+t), = (O+t)p. 
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FIGURE 4. Shape of iso-Mach lines. 


Along the iso-Mach line, by definition, .7 = constant, so that ~ and ¢ are also 
constant. Thus using suffixes /, B, to denote conditions on the iso-Mach line 
and boundary respectively, and since (7 +t), = (9+t),, we have 


Ay, = (9+t)p—ty = (0+1),—constant. 


Hence, once (#+¢t), has settled down to its constant value, it follows that 
#,, = constant. Moreover, we now have @,, and ¢,, both constant so that 
(4 —t),, = constant, i.e. the iso-Mach line is also a minus Mach line. Also, since 
x7, 94, are constant along this line, iy,, = (9+4),, = constant, and the iso-Mach 
lines and minus Mach lines are therefore straight in this region. 
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It can thus be seen that kinks in (4 +t), would giverise to corresponding kinksip | 
the distribution of 4, along the iso-Mach line, leading, in turn, to kinks in the line | 


itself. The correctness of this diagnosis was demonstrated by the elimination of 
the iso-Mach line kinks when the (4+1¢), distribution was smoothed out by the 
modified choice of boundary curves already discussed. 


4.2. The entropy correction 
The curvature of the bow shock wave causes an entropy gradient across the 
flow downstream, each streamline having an entropy value which is constant but 
different from those of its neighbours. Accordingly, in order to evaluate the 





| 
, 
t 


S 
= 





second term in equation (3), it was necessary to identify the streamline upstream | 


of the bow wave which corresponded to the point under computation. This was 


achieved by calculating the mass flow between the first approximation to the | 
point and the boundary. Thus for H (figure 3), the mass flow across FH was cal- | 
culated, where F was already corrected for entropy (and hence the mass flow | 


between F and the boundary was known). Thus, the mass flow between the 
boundary and H was obtained, thereby locating the H-streamline upstream of 
the bow wave. From this ordinate, the corresponding bow wave slope was derived 
and hence the entropy increase. This in turn yielded the entropy differences de 
between H and F, and between H and G, which were required for insertion in 
equation (3). The flow and position parameters for H were then recalculated with 
this entropy correction included. Fortunately, the correction was not large 
enough to necessitate any iterative repetition of the procedure. (No correction 
was applied for entropy changes produced by the recompression. This is not likely 
to lead to any appreciable error since, in the region computed, much of the 
recompression takes place through a fan or weak shock.) This system was used in 
computing the whole flow field, apart from the region very close to the sonic line 
which required special treatment as will be seen in § 4.3 below. 


4.3. The final step to the sonic line 
The usual system of characteristics computations as outlined in 4.1 above may 
be shown to assume that the Mach line segments are circular ares. This assump- 
tion is fully justified in general for small steps, but in the neighbourhood of the 
sonic line the Mach lines curve strongly, and have been shown by Holt (1949) to 
behave like semi-cubical parabolae. This holds only for small vy = 47 —, and was 
here taken to be true for WV < 1-02, corresponding tov = 0-2 radian. Accordingly, 
a method was used whereby ¢, y (figure 3) were averaged along a semicubical 
parabola rather than the usual circular are. Thus if the semicubical parabola is 
y*3 = cx**, and the chord is y* = x* tan » (see figure 5), then it may be shown that 


tan = $tan/. This has utilized an origin on the sonic line with the x-axis in the | 


local flow direction. Translation of the origin to that of the characteristics network 
will not affect the purely angular relationship between 7 and /, but the angles to 
be averaged must be related to a new reference direction before the equation is 
used. This new reference direction, @,, will be the flow direction at the intersection 
of the sonic line and the relevant Mach line. Since the entropy term is negligible 
for this last step to the sonic line (see below), and since t = 0 on the sonic line, it 
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follows that 0, is identical with the value of 6 + ¢ on the plus or minus Mach line. 
In place of the old ¢, y (Mach line inclinations to free stream direction), we use 
¢*, y*, where for a plus Mach line, 6* = $—6,, = @—“—9,, = —(w+t); and for 
a minus Mach line, y* = y—6,_ =0+—0,. =+t. Here, for any point, 
§,, = 9 +t (along the plus Mach line) and 6,_ = @—t(along the minus Mach line). 
Then, ona plus Mach line, 7 = 6*# = tan—! (3 tan ¢*) and, on a minus Mach line, 
n= *# = tan! (3tan y*), where the affices #, 7 refer to average quantities 
between the points. Then ¢# = 6*#+0,, and y# = y*#+0,_. These latter 
values, $2, w# (averages along the semicubical parabolae) were then used to 
determine 2;,, ¥;;, as before. 


ae | 





y*=x* tan 7 






47 





Vx 





Figure 5. The semicubical parabola. 


As will now be seen, it was not possible to correct this final step for entropy 
variations, but it will be shown that the correction would be negligible. The effect 
of the entropy correction is to increase the Mach number of the first approxima- 
tion. Thus, in order to attain a specified Mach number , it is necessary, when 
calculating the first approximation, to overshoot M to a lower value, which is 
then raised to the required value M by the correction. This is clearly impossible 
for M = 1, since the characteristics become imaginary for M < 1. However, this 
inability to correct for entropy is of no consequence, since the correction would be 
negligible for two reasons: (i) the step from M = 1-02to M = 1-00 is geometrically 
very small, so that do would be negligible; (ii) in this region, ~ > 90°, hence 
sin 24 - 0. Accordingly, the correction term do sin 2y will be extremely small and 
its omission of no importance. 


4.4. Summary of the computations 
The use of the techniques described above, in §§ 4.1, 4.2 and 4.3, made possible 
the computation of almost all the supersonic flow field downstream of the sonic 
line and bow wave. Where necessary, due to rapid variation of the parameters, 
the mesh size was reduced in order to maintain the accuracy. The network was 
extended outwards until it intersected the bow wave. 
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Only about one-third of the sonic line proved to be calculable, since at C (see 





figure 6), about 0-85 plate thickness from the surface, the line curved strongly | 


upstream. Outboard of this point, computations ceased to be possible upstream 
of the minus Mach line CA, leaving an indeterminate supersonic zone CAS, 
enclosed by the outermost portion of the sonic line, part of the bow wave, and the 


minus Mach line. Whilst conditions are fully known along this minus Mach line, | 


these data are not sufficient to enable the mesh to be extended farther upstream 
since data along a plus Mach line also would be required. 
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FicureE 6. The indeterminate region. 


Consideration has been given to the possibility of computing this zone by using 
base points on the bow wave outboard of the sonic point. This would not permit 
computation of the whole zone, but only that portion A BS which lies downstream 
of the plus Mach line through the sonic point. The undetermined portion of the 
sonic line, CS, would thus remain indeterminate by this method. It might, how- 





ever, then be possible to use conditions along the present bounding minus Mach | 


line, CA, and along the sonic point plus Mach line, SB, together. Whilst such a pro- 
cedure seems feasible in principle, it would be inaccurate for the following reasons: 
(i) the present network and the bow wave are not in exact agreement at their inter- 
section, A; (ii) the inevitable slight errors in ¢ at the bow wave base points would 


° ° ° ° ° a . A A t 
be serious since in this region ¢ is itself very small (/ ~ 1), but ¢/ct very large. | 


Under these circumstances, the scheme has not been pursued further. 

The computed flow parameters at the network points have been used to draw 
in iso-Mach lines and streamlines by interpolation in / and mass flow respectively. 
The network of Mach lines is shown in figures 7 and 8 and the resultant streamlines 
and iso-Mach lines in figure 9. These results will be discussed in § 5 below. 
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5. The computed flow field 
5.1. Conditions at the network-bow wave intersection 

It was of interest, when the characteristics network intersected the bow wave. 
to compare the network values of the flow parameters with those calculated from 
the shock wave equations at the relevant point. This is done in figure 10, where 
Mach number and flow direction downstream of a curved shock wave at M = 1-96 
are plotted against each other. Conditions at the intersection of the mesh and the 
bow wave, as predicted by the characteristics, are plotted as a single point for 


comparison. 
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FIGURE 8. The nose region enlarged. 


There are a number of sources from which the small discrepancy may arise: 
e.g. (i) errors in basic data, and incompatibility of curves fitted to boundary and 
bow wave; (ii) cumulative errors inevitable in any step-by-step method involving 
the use of mean quantities; (iii) neglect of the entropy change across the recom- 
pression shock may also have contributed. 

Under these circumstances, the agreement is regarded as highly satisfactory, 
possibly due to the mutual cancellation of some errors. 

It should be noted that the bow wave does not emerge from the computations 
as did the recompression shock wave. The bow wave results, as a normal shock 
wave, from the presence of a blunt-nosed body in the supersonic free stream. It 
thus enters the domain of the present calculations already determined, and is 
merely weakened by the incident expansion wavelets. As a result, the computa- 
tion of the network did not in any way indicate the existence or location of the bow 
wave. Thus the mesh would have been extended farther outwards (into what is 
actually the free stream) had not photographic evidence of the bow wave location 


been available. 
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5.2. The characteristics network (figures 7 and 8) 
The expansion Mach lines from the fan at the leading edge curve upstream and 
are reflected by the sonic line and bow wave back on to the surface as compression 
wavelets. Those which strike the sonic line form a cusp at that point, since the 
two Mach line families coincide at W = 1-00. After a further reflexion from the 
surface, this time as compression waves, the Mach lines coalesce to form the 
recompression fan and shock wave, which agree well with the observed wave. 





is 
| it - 
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M, 
Ficure 10. Accuracy of the characteristics network. © denotes computed values. 


The leading expansion waves from the corner cause the sonic line to bulge 
upstream, and illustrate the manner in which it runs perpendicularly into the 
front face of the plate. The subsequent downstream bulge of the sonic line, 
followed by a further upstream bend, leads to the indeterminate region of super- 
sonic flow ACS (see figure 6). In the first approximation, the sonic line would have 
become straight at C, approximately one plate thickness outboard of the surface, 
and would subsequently have coincided with a minus Mach line. The effect of the 
entropy correction has been to curve the sonic line upstream and the minus Mach 
line downstream, thereby producing between them the narrow triangular region, 
ACS, devoid of information along plus Mach lines. Accordingly, this triangular 
portion of the flow field cannot be computed by the present method. A possible 
alternative line of attack was considered in § 4.4 above, but was rejected for the 
reasons stated there. 


Downstream of the recompression, the flow is parallel to the plate surface. but | 
p 


traversal of the curved bow wave has produced a gradient, normal to the surface, 
in entropy and hence in Mach number. The Mach lines in this region are slightly 


curved as a result. 
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5.3. The streamlines and iso-Mach lines (figure 9) 
The streamlines have the expected shape; the subsonic portions have been 
drawn in qualitatively, but with the correct initial direction behind the bow wave. 
The entropy gradient referred to above leads to a gradient in mass flux. As 
aresult, streamtubes of equal width in the free stream are no longer so downstream 
of the recompression. The displacement effect of the plate on the streamlines falls 
off with perpendicular distance from the plate. 

The expansion fan from the leading edge accelerates the flow from M = 1 to 
M = 2:47. The latter Mach number, the highest attained throughout the flow 
field, corresponds to the constant pressure portion of the separation bubble from 
the leading edge to just beyond the point of maximum height. This part of the 
bubble profile is thus the iso-Mach line of WM = 2-47. 

The iso-Mach lines may be divided into two types: 

(i) M > M, (where , is free stream Mach number). These form closed curves: 
commencing in the expansion fan, they curve outwards and downstream, form 
a cusp in the recompression shock, and then descend again to the surface via the 
recompression fan. They thus enclose embedded regions of Mach number greater 
than their own, e.g. JJ = 2-0, 2-2 in figure 8. The case of M = 2-47 discussed above 
is the limiting case of this type, in which the embedded region has collapsed on to 
the bubble profile. 

(ii) WZ < M,. These also commence in the leading edge fan, curve downstream, 
and then upstream again. They thus intersect the bow wave and not the recom- 
pression shock. For M > 1-77, they possess another branch which rises from the 
concave portion of the bubble surface, through the recompression fan, and then 
turns downstream, parallel to the surface and coinciding with a streamline, e.g. 
M = 1-80. M = 1-77 is the limiting case of this type, being the constant Mach 
number along the plate surface downstream of the recompression region. 

The iso-Mach line of M = 2-47 has the same shape as the bubble profile since it 
coincides with that profile. It will also be noted that the remainder of the iso-Mach 
lines from the leading edge have this shape, which appears to be transmitted up 
the plus Mach lines. The similarity was heightened when the entropy correction 
was omitted, since the iso-Mach lines eventually became straight, corresponding 
to the flat surface downstream of the bubble reattachment point. The entropy 
correction subsequently produced the gentle upstream curvature in this region. 

The shape of the outer portion of the sonic line, not calculable by the present 
technique, may be inferred from that of the WM = 1-15 iso-Mach line. In view of 
the slight discrepancy noted between the bow wave and the characteristics mesh, 
it is unlikely that the computed sonic line would pass through the bow wave sonic 
point marked. It would probably intersect the bow wave some distance inboard 


of this point. 

The pattern of iso-Mach lines forms an interesting comparison and contrast 
with figure 11 of the paper by Roy (1957) which is reproduced here as figure 11. 
This figure, obtained from an interferogram, shows the streamlines and iso-Mach 
lines in the flow past a plate with a rounded leading edge. The Mach number was 
identical with that of the present work, namely 1-96. It is therefore instructive 
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to compare the two patterns, one taken from experimental observation, the 
other also derived from experimental data, but after lengthy step-by-step 
computations. 

The different leading edge configuration has a considerable effect, of course, in 
that the rounded leading edge eliminates the separation bubble and subsequent 
recompression. Far downstream of the leading edge, however, agreement would 
be expected, and the streamlines and iso-Mach lines in this region do compare well, 
e.g. M = 1-80. The absence of the bubble removes the distortion from the inboard 
ends of the leading edge iso-Mach lines, which therefore curve smoothly outwards 
to the bow wave. Again, since there is no bubble to accelerate the flow beyond the 
free stream Mach number, there is no embedded pocket of such flow, and a recom- 
pression shock wave is unnecessary. 
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FIGURE 11. Flow past a plate with a rounded leading edge; reproduced from Roy (1957). 


6. Conclusions 

Commencing from the experimental observations of the flow direction and 
Mach number along the surface of the square-nosed flat plate with separation 
bubble at M = 1-96, the external supersonic flow field has been computed by the 
method of characteristics. It has proved feasible to work upstream and outwards 
from the surface, as far as the sonic line and bow wave. The entropy gradient due 
to the curved bow wave has been incorporated in the calculations, and a special 
technique has been used for the region close to the sonic line. A small portion of 
the flow field, including the outer end of the sonic line has proved to be indeter- 
minate by this method. 

The values of the flow parameters at the mesh points have been used to plot 
streamlines and iso-Mach lines by interpolation. The agreement between the 
flow parameters predicted by the characteristics and by the shock wave equations 
at the network—bow wave intersection was found to be excellent. The iso-Mach 
line pattern has afforded an interesting comparison with results obtained in 
France by interferometry for a differently shaped leading edge at the same Mach 


number. 
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Rapid calculations for boundary-layer transfer using 
wedge solutions and asymptotic expansions 


By H. J. MERK 


Koninklijke /Shell- Laboratorium, Amsterdam, Holland 
(Received 28 July 1958) 


Exact transfer calculations for boundary layers with longitudinal pressure 
gradients are very complicated, but in the literature several approximate methods 
are known for the rapid calculation of both the wall friction and the heat transfer. 
A ‘wedge method’ propounded by Meksyn turns out to be one of the most rapid 
methods, being no less accurate than other approximate methods. A way of 
refining this method is proposed. 

This paper also shows that asymptotic expansions provide convenient relations 
which are capable of expressing the Nusselt number explicitly in terms of the 
Prandtl number. 

It is shown that, together with the asymptotic expansions, Meksyn’s method 
permits rapid calculation of local heat transfer numbers. Some examples of 
application are given for elliptical cylinders and spheres for several values of the 
Prandtl number. 


1. Introduction 

This paper is concerned with the transfer of heat and mass from a body placed 
in a stream. Provided the Reynolds number of the flow lies within the approxi- 
mate range from 10? to 10°, we may state: 

Assumption I. The transfer phenomena in the vicinity of a body submerged in 
a streaming fluid may be described by the laminar boundary-layer theory. 

Furthermore we introduce: 

Assumption II. There are no external volume forces in the streaming fluid. 

This excludes free convection, so that we are only concerned with forced 
convection phenomena. Thus we include: 

Assumption III. The main flow outside the boundary layer is irrotational. 

This means that the intensity of the turbulence in the main flow has to be very 
low and that this flow may be calculated by means of the potential theory. 

Xestricting ourselves to the calculation of friction and heat transfer in unitary 
systems, we are only concerned with two boundary layers, viz. the dynamic boun- 
dary layer in which the transfer of momentum occurs, and the thermal boundary 
layer in which the transfer of heat occurs. It is well known that the boundary- 
layer theory can only be applied if the thickness d of the dynamic boundary layer 
is small enough. If this condition is satisfied, we may ask whether or not the thick- 
ness 6, of the thermal boundary layer is small enough to permit the application 


of the boundary-layer approximations to the calculation of the heat transfer. 
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It is known that 6, < é for y < v, y being the thermal diffusivity of the fluid and 
yits kinematic viscosity. Introducing the Prandtl number o = p/y, we conclude 
that for o > 1, when dis small enough, 7 is small a fortiori. Hence, assumption I 
is legitimate if the thickness of the dynamic boundary layer is small enough. 

For o < 1, the thickness of the thermal boundary layer is greater than that of 
the dynamic boundary layer, so that in this range of the Prandtl number it may 
not suffice to assume that the thickness of the dynamic boundary layer is small 
enough. The limit o > 0 must especially be considered with care. This limit may 
be relevant if the kinematic viscosity is small (but finite) and the thermal 
diffusivity is very large. In this case the boundary-layer concept is not applicable 
to the calculation of the heat transfer, although it is applicable to the calculation 
of the friction. On the other hand, it is possible that at the limit 7 > 0 the 
kinematic viscosity approaches zero at small (but finite) values of the thermal 
diffusivity. This means that for o = 0 we are concerned with heat transfer in 
a thermal boundary layer in a potential flow around the body considered. This 
problem has been investigated with great elegance by Boussinesq (1903, 1905) 
(see also Drew 1931), who introduced the concept of the thermal boundary 
layer before Prandtl (1904) proposed an analogous concept for the transfer 
of momentum. As a corollary of assumption I, we have thus to conclude 
that for o + 0 the boundary-layer theory of the heat transfer changes into 
Boussinesq’s theory. 

Although the boundary-layer concept simplifies the calculations considerably, 
the solution of the boundary-layer equations is generally still troublesome. The 
exact solution for boundary layers with an arbitrary longitudinal pressure 
gradient consists essentially in constructing power series in terms of the distance 
from the forward stagnation point of the body. The exact calculations by means 
of series expansion are cumbersome, because the convergency of the series is 
mostly bad. It is, therefore, generally necessary to perform the exact calculations 
numerically if the distance from the forward stagnation point is too large for the 
series expansion to be applied (e.g. see Prandtl 1938; Gortler 1939; Fréssling 
1940). In order to avoid the lengthy exact calculations, several approximate 
methods have been developed. 

One of the best-known approximate methods is that of von Karman (1921) and 
K. Pohlhausen (1921). Generally, this method is still troublesome and its accuracy 
isdisappointing. Hence, we shall consider another group of approximate methods. 
called here the ‘wedge methods’, because these methods are based upon the well- 
known solutions of the boundary-layer equations for wedge-shaped profiles. The 
first wedge method was propounded by Falkner & Skan (1930, 1931). This method 
has been modified by Eckert (1942), Schuh (1949, 1954), Eckert & Livingood 
(1953), Kotschin & Loizjanski (see Kotschin, Kibel & Rose 1955), and by Smith 
(1956). All these wedge methods bear the same characteristic features: they are 
rapid and based upon some arbitrary hypothesis of physical nature, which has to 
be introduced in order to find the wedge element ‘equivalent’ to the element of 
the profile considered. The wedge methods of the authors named above differ only 
in the hypothesis used. Their fundamental disadvantage is that it is not clear how 
the calculations are to be improved if more accurate results are desired. 
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Meksyn (1947, 1948) has developed a method of calculation for the dynamic 
boundary layer, which may also be considered as a wedge method. This method 
consists essentially of a transformation of the boundary-layer equations and 
a mathematical simplification of the transformed equations. A great advantage 
of Meksyn’s method is that no physical hypothesis is needed; the simplifications 
introduced are of a mathematical nature. As a result, it is possible to refine the 
calculations in a straightforward way. Furthermore, Meksyn’s method has the 


5 
; 
; 


following three advantages: (1) For wedge-shaped profiles (and hence in the | 


vicinity of the forward stagnation point) the method yields exact results. (2) It 
may be expected that for arbitrary profiles successive refinements of the method 


converge towards the exact solution. (3) The method provides probably one of | 


the most rapid calculations hitherto propounded in the literature. 

It is quite easy to extend Meksyn’s method to the calculation of heat transfer. 
In his original papers Meksyn applied complicated transformations allowing for 
the extension of the equations to lower values of the Reynolds number. If we are 
concerned with the pure boundary-layer equations only, it is possible to obtain 
Meksyn’s final equations in a simple way. This will be shown in the next section. 

In the present paper we have restricted ourselves to the most simple boundary- 
layer problems by the introduction of the following two assumptions: 

Assumption IV. All physical quantities (viscosity, thermal conductivity, heat 
capacity) of the fluid are constant throughout the boundary layer. 

Assumption V. The Mach number of the flow is low. The latter assumption 
means that in the thermal energy equations the dissipation and pressure terms 
may be neglected, while furthermore the density of the fluid may be considered 
as a constant. 

It has to be stressed that the last two assumptions are not essential for the 
application of Meksyn’s method. 


2. Fundamental equations 

Let us consider steady two-dimensional or rotationally symmetrical boundary- 
layer flows. For these cases we may introduce the coordinates (x, y), 2 being the 
distance from the forward stagnation point measured along the circumference of 
the two-dimensional profile or median line of the rotationally symmetrical body, 
and y being the normal distance from the wall of the body. For rotationally 
symmetrical bodies we also introduce r, the distance from a surface element of the 
body to the axis of symmetry. Denoting the components of the velocity parallel 
to the x- and y-axis by wu and v respectively and making use of assumption IV, the 
equations of the dynamic boundary layer are 
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(Note that equation (2) holds for curved surfaces; for flat surfaces we may put 
ép/cy = 0.) These are the boundary-layer equations for rotationally symmetrical 
bodies. For a two-dimensional boundary layer, equations (1) and (2) retain the 
same forms, but in the continuity equation (3) r has to be dropped. Hence, the 
two-dimensional boundary-layer equations are formally obtained from (1), (2) 
and (3) by putting r equal toa constant. From (1) and the well-known fact that at 
the end of the boundary layer cu/¢y and 0*u/Cy? are very small, we obtain 


(4) 
where subscript e denotes the conditions at the end of the boundary layer. The 
boundary conditions are 

u=v=0 for y=0, and uw—>u, for y> oo. (5) 


For the calculation of the heat transfer, we also need the thermal energy equa- 
tion. Denoting the temperature by 7’ and making use of the assumptions IV and 
V, the boundary-layer approximation to the thermal energy equation becomes 


(unsof)\ 7 = xX, (6) 


Cx ey ay? 
with the boundary conditions 
T=T,, for y=0, and 7T->f7, for y>o, (7) 
where the subscript w denotes the conditions at the wall. 
In order to satisfy (3), a stream function y is introduced, such that 


ey 
v= -—->z,7 
7 (3) 


L being a reference length of the body considered. For r = L, (8) defines the 
stream function of a two-dimensional flow. 
The x and y coordinates will now be transformed by writing 


wr 


ie a / 4 

[ w(x) - dx — (=2) te £4 (9) 
J0 V L L “S/ V L L 

where V is the velocity of the oncoming flow, and R = VL/v. The stream function 
W(x, y) will be written 

(x,y) = VL(2E/R)* f(é, 9). (10) 


Equations (9) and (10) represent the essential parts of Meksyn’s transformations; 
and it is easily recognized that (9) also contains the transformation used by 
Mangler (1948) for rotationally symmetrical boundary layers. From (8), (9) and 
(10) we obtain 





w= ue (11a) 
= r_ f or | of 
L 2ER)h \f+ 2622 +(A r= ; (115) 
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Here A is the ‘wedge variable’ defined by 


rz 2 yw, dx) du,/V 


=e > L2V Lf da/L’ 


(12) 
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We remark that for pure wedge flow, r = Land u, = cz”. It then follows from (12) 
that A = 2m/(m+ 1) = const. From (9) and (11) we derive 

C : C p2 u lae(L C cf C f C l 
ox «6 Cy) = 2LFEV | "\en cg = c& en en) 


Making use of (4), (9), (11a), (12) and (13), the transformation of (1) is now easily 


(13) 


obtained: eg 
f" + ff" +AU—f”) = og WS) (14) 
: ~ Of, 9) 
while the boundary conditions (5) become 
f ye S 1 f=0 fe 0,| 
+26= >=, and jf = or 7) = VU, 
ce : (15) 


f' =1 for 47>. | 

In (14) and (15) the accents refer to differentiation with respect to 9, while on the 

right-hand side of (14) the Jacobian has been introduced as a convenient notation. 
In order to transform (6), we introduce 


T (a, y) = T,.+(T.-—T,,) O(E, 9). (16) 


w 


On the assumption that 7), and 7, do not depend on x, the thermal energy 
equation and its boundary conditions become 


(9. f) 
9” +of% = ato Ad (17) 

e(§, 7) 
with ®=0 for »7=0, and #?=1 for 7>o. (18) 


Herewith the transformations are completed, and we have now to solve the 
equations (14) and (17) with the boundary conditions (15) and (18) respectively. 
For that purpose we remark that in the boundary layer r depends only on 2; 
moreover, the dependence of uw, on x can be calcujated from the potential theory 
or derived from experiments. Hence, § depends only on x, and for a given body we 
may consider x and w, as known functions of €. As a result A is a known function 


of £. Inverting this function we may also say that for a given body, € is a function | 


of A. The solution of (14) may thus be written as follows: 


; Ws , 
F(&.9) = fo(A- 9) + 2 ye AWA.) 4 ae (19) | 
Substituting (19) in (14) and (15), we get 
fo’ +fofo + AC —fo") = 9. | (20) 
fy=f,=90 for »=0, and fi=1 for 7>00,J 
3/1) > on ‘gr nw Lf e( a f ) 
if +foli -2Afofi+so fi = (Jo “° : | 
_ e(A, 9) (21) 
ti 2, fi = 9 for 7 =0. and fj = 0 for 7> c0,| 
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and so on. The local friction coefficient is calculated from 


f(Cu/CY)y—0 


1 4pV2 
or. after transformation, 
r(wlVP (4 , o¢d 
c, Rt = "Tr (ae! (45+ 28 ye Ast (22) 
where A, = A,(A) =fZ(A,0) (& = 0,1,2...). (23) 
In order to solve (17), we put 
dA 
I(E, 9) = Fo(A, 9) + 28 dé B,(A, 9) +.... (24) 
> 
Substituting (24) in (17) and (18), we then obtain 
Io + ofy% = 0, 
0 So% (25) 
= 0 for y7=0, and %=1 for 7>o, 
C(I; fo) } 
HW eee 9 0/0 
t + ofy; sp of, (+- (A, 7 n)? | (26) 
9, = 0 for 7=0, and #,=0 for y — 
and so on. The local Nusselt number is defined by 
ve _ (07 /CYy)y=o | J (=) . 
L(T,—T,) ~ L\%y), 
or, after transformation, 
N Tr% d. Ay 
wt (2 iy + 26 T ite), (27) 
where E,, = E,,(. : == mn 0) k = 0, 1, 2...). (28) 


The transformations (9) and (10), and the expansions (19) and (24), are closely 
related to those being proposed by Gortler (1957). The latter author, however, 
expands the wedge variable A in terms of &. If this is done, Meksyn’s original 
approximation method cannot be applied, so that A is retained here as an inde- 
pendent variable replacing the variable &. This is the principal difference between 
Meksyn’s and Gortler’s methods. According to Gértler, Meksyn’s treatment 
involves the calculation of the potential flow around the body considered before 
attacking the boundary-layer problem. However, it is easily shown that the 
transformations (9) and (10) may be derived from those given by Meksyn if the 
equipotentials and streamlines around the given body are expressed in terms of 
the velocity of the potential flow around that body. We are therefore of the 
opinion that Meksyn’s method is of great value for rapid boundary-layer calcula- 
tions for any given u,(2). 

The calculation of the local friction coefficient and the local Nusselt number 
may now proceed as follows. For a given body, r and u, are known functions of z, 
so that for each value of x the quantities £, A, dA/dé, etc., can be calculated. 
Hence, for each value of x, the corresponding values of A, and £, can be deter- 


mined from tables or diagrams representing A,, and £, as functions of A and o. 
30 Fluid Mech. 5 
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Thereupon, the local friction coefficient and the local Nusselt number are rapidly 





calculated from (22) and (27) respectively. As soon as A, and £; are known, this 
calculation can proceed very rapidly. A, has been calculated by Hartree (1937), 
while £, has been calculated by Eckert (1942) for o = 0-7, 0-8, 1, 5and 10. As far 
as we know, A, and £,. fork > 1 have not been calculated as yet. However, for the 
application of a pure wedge method we need only A, and £, since for wedge- 
shaped profiles (for which A = constant) only the first terms at the right-hand 





sides of (19), (22), (24) and (27) are retained, while all other terms vanish. As 
a result, application of a pure wedge method to arbitrary two-dimensional 
profiles or rotationally symmetrical bodies means that only the first terms at the 
right-hand sides of (22) and (27) have to be retained (this approximation will be | 
called Meksyn’s wedge method). Since A, and £, are finite, this procedure is | 
legitimate if £ and/or dA/dé are small. Generally speaking, this is the case in the | 
vicinity of the forward stagnation point. At some distance from the forward 

stagnation point the second terms in (22) and (27) also become important. 
However, comparing the results obtained by Meksyn’s wedge method with those | 
obtained by the wedge methods mentioned in § 1, it appears that the accuracy of 
Meksyn’s wedge method is of the same order of magnitude as that of the others. 
This demonstrates the rapid convergence of the series (22) and (27). It may be 
expected that even in the vicinity of the separation point of the boundary layer 
the series (22) and (27) yield satisfactory results if only two terms are retained. 

Finally, we remark that the same method may be used if the assumptions IV 
and V are rejected. For gases it is, for example, convenient to apply first 
Stewartson’s (1950) transformation (see also Cohen & Reshotko 1955) to the 
boundary-layer equations, whereupon ‘wedge coordinates’ analogous to those 
defined by (9) may be introduced. It is also possible to account for variations in 
the temperature of the wall. We have made analogous calculations for unsteady 
two-dimensional boundary layers. For unsteady rotationally symmetrical 
boundary layers the method fails, because then it is no longer possible to apply 
Mangler’s transformation. 

Using Meksyn’s wedge method, we have also performed mass transfer calcula- 
tions accounting for a velocity normal to the wall of the body. All these modifica- 
tions of Meksyn’s wedge method are not treated in this paper, because we intend 
to discuss only the principles of this method and not all its possible extensions. 


3. Asymptotic expansion of the Nusselt number for a flat plate 


We shall now discuss how the Nusselt number may be represented explicitly as 





a function of the Prandtl number. For that purpose we consider first the most 
simple case, viz. that of the flat plate without a longitudinal pressure gradient. In 
that case we have r= L.u, = V, A= 0, f = f, and } = 9. Hence, (27) becomes | 


N - ( L \'z. 


R} 2x 
Averaging the Nusselt number over the length L of the plate, we get 
N 1f4fN 
= [ dx = 2bE. (29) 
Rt LJ, Rt 
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In the same manner the average value of the friction coefficient is obtained from 


(22), yielding é, Rt = 284. (30) 
In order to calculate H, we derive from (25), for # = 3) and f = fy. 
l io 9) 
— =| exp (—oF) dy, (31) 
Edo 
” 
where F = F(y) = [ f(y) ay. (32) 
¥ 0 


Formula (31) has been worked out by several authors. First of all we mention the 
exact calculations performed by E. Pohlhausen (1921). Other authors remarked 
that for large values of the Prandtl number the thickness dp is only a small 
fraction of the thickness 6, so that for the calculation of E the velocity profile in 
the thermal boundary layer may be linearized, that is, in (31) the function F may 
be represented by 4A7*. This procedure has already been applied by Falkner & 
Skan (1930, 1931), while the approximate calculations made by Piercy & Preston 
(1936) are in fact based upon the same principle. Lighthill (1950) developed an 
elegant method of calculating the heat transfer in laminar boundary layers, 
which is also based upon linearized velocity profiles. Tifford (1951), remarking 
that Lighthill’s results are only valid for high values of the Prandtl number, 
modified Lighthill’s formulae in order to obtain results valid for o = 1. 

Fréssling (1940) and Schuh (1949, 1954) also discussed the limit 7 + 00, while 
Davies & Bourne (1956) developed a method where the velocity profile is repre- 
sented by cy”, n being determined in such a way that the results for 7 = 1 agree 
as closely as possible with the exact solution. Finally we may mention a paper by 
Morgan & Warner (1956) containing a survey of applications of heat transfer 
calculations in the limit 7 — oo. 

In the papers mentioned above, the formulae for the Nusselt number represent 
the first term of an asymptotic expansion for high values of the Prandtl number. 
In order to obtain formulae for lower values of 7, the expansion has to be extended. 
This may be done in several ways. An obvious way is to substitute 7 = F in (31) 
and to consider 7 as a new integration variable. In that way (31) becomes 


tom [oor Mar, (33) 
E(c) Jo dt 

This formula shows that 1/E£(a) may be considered as the Laplace transform of 

dy/dr. Hence, the asymptotic expansion of 1/E(a7) may be obtained by means of 

Abel’s well-known asymptotic theorem (see, for instance, Doetsch 1943). In 

order to apply this theorem we have to expand /’(7) in a power series. Putting 

A = 0, the expansion of f = fy is easily derived from (20). This expression has 
already been derived by Blasius (1908) and reads on as follows: 

‘ yi2 

‘ata dowd 11434, — 37548 oa 


3! 6! ( 


+ O(n), (34) 
where O is the well-known Bachmann-Landau symbol. Inversion of (34) yields 


6r\} (1 ts a 

ee ae oe eee eee a ae O(r4)\. 5 

, (3) |! + 607-1360" *891,0007 * 207), (35) 
30-2 
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Substituting (35) in (33), we obtain 


e-oT 3 | : _ | 2 23 3 4 | 
T il+se7 i807 + $9. 1007 +O(r i 


6 








E(c) 
On term-by-term seal of the right-hand side of the last equation, an 
asymptotic expansion is obtained. Since the reciprocal of an asymptotic expan- 
sion is again an asymptotic expansion, a simple calculation brings forth the 
following result: 





: (Ag/6)! { l ioe 1,168 | 
E(c) = 1 ——o—!+4—o *— o 3+ O0(0-4)}, 36 
(7) r (4 ) | 45 675 3,007,125 ( ) (36) 
N/R 
Asy tepiatie ee (37) 
Co 1 term 2 terms 3 terms 4 terms Exact Tifford 
0-1 — — — 0:2846 0-2762 0-294 
0-5 0:5377 0-5138 0-5202 0-5185 0-5182 0-520 
0-6 )-5714 0-5502 0-5549 0-5539 0°5537 0-554 
0-7 mo 0:5824 00-5860 0-5853 0:5853 0-585 
0-8 0-6289 0-6114 0-6143 0-6138 0-6138 0-614 
0-9 0:6541 0-6380 0-6403 0:6400 0-6400 0-640 
1-0 0:6775 00-6624 06644 0-6641 0-6641 0-664 
1-1 0-6994 0:6853 0-6870 0-6868 0-6868 0-687 
7 1:2959 1-:2918 1-2919 1-2919 1-2919 1-32 
10 1-4595 1-4563 1-4563 1-4563 1-4563 1-50 
15 1-6708 1-6683 1-6683 1:6683 1-6682 1-73 


TABLE | 


where I" denotes the gamma-function. The coefficient A has been calculated by 
Blasius (1908) and by Tépfer (1912). According to the latter author we have 
A = 0:33206 ,/2 = 0-46960, while (4) = 0-89298. Substituting (36) in (29) and 
making use of the given values of A and I'(4), we obtain 

-1 


= 0-67750% | 1 —— o 1 + —_o *— o 
75 3,007,125 


I { ] ae 1,168 _ | 
R} {45 67 


The Nusselt number calculated by means of (37) may be compared with the exact 

calculations made by E. Pohlhausen (1921). For that purpose we have extended 
P 

Pohlhausen’s calculations in order to obtain results in four figures (Pohlhausen 


gives only three figures), while we have also performed calculations for 7 = 0-5 | 
and 0-1. The results are shown in table 1, where values calculated by means of | 


Tifford’s (1951) formula are also included. For a flat plate Tifford’s formula 


reads Ay 


N 
7p 7 07884008. (38) 


Table 1 shows that Tifford’s formula yields satisfactory results if o = 1; for 
very high and low values of the Prandtl number formula (38) fails. Furthermore, 
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it appears that for 7 > 0-5 our expansion (37) leads to surprisingly good results 
even to the fourth decimal place. Even for ¢ = 0-1, this expansion may be used if 
its convergency is improved by means of Euler’s transformation (for a > 0-5, 
Euler’s transformation does not improve the convergency), since the value cal- 
culated by (37) is then only about 3 % too high. 

Table 1 indicates how many terms of the expansion have to be retained. For 
o > 1, two terms of the expansion are sufficient if the desired accuracy is not 
higher than 0-3°%. For o > 10, one term is sufficient. 

For a = 1, we have # = f’, so that apparently the expansion (37) may also be 
used to calculate A. This has already been proposed by Meksyn (1950, 1955, 1956), 
who worked out this method to calculate the friction coefficients and separation 
points of boundary layers with longitudinal pressure gradient. As far as we know 
this author did not derive expansions of type (37) showing the dependence of the 
Nusselt number on the Prandtl number. 


4. Asymptotic expansion of LZ, for arbitrary values of the wedge 
variable 

We shall now show that by the asymptotic method one can also easily calculate 
the transfer coefficients for A + 0, i.e. for boundary layers with longitudinal 
pressure gradient. For that purpose we calculate H, from (25). Again we have 


] io 9) 
a | exp(—oF) dy, (39) 
Ey Jo 
F, being given by 
U] 
Fy) = [ fo(n) dy. (40) 
0 


From (20) we derive 


n® 3 n°? 
fo = Apu — Aa + AR2A—1) 5, + O94), 
where A, is defined by (23). From the last expansion we obtain 


_ es. ae. 3 2/6 7’ : 
T=F,= Aya Aq + Aj(2A — ars + O(n"), 
or, after inversion, 


6\3 .(/, A/(6\8 A? (6\3 . (35 A® 2A—1) | 
why dia: -) ee (== - ty. 
, ( “— ak; . +i (a) ™*\ 36444 60 )7+O(r ) 
(41) 





Substituting (41) in (39), we may use the same method as in §3. The result of the 
calculations is given by 


l (6 \3 A PD (* 4 TR 

tee Ye cpt sand -4 <weriann ace 

B- PO(a.0) (+55ry) (4) “rarerg la) ” 
1/35 A3 en “ -4)\ 
3 seal 5 ill dil 5 
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From this expansion it follows (with ['(4) = 2.6789 and I'($) = 1-3541) that 
E, = 0-6163(A, a)! | 1 —0:1531AA5 4 0-4 — 0-0536A245 8 0-3 
2A-1 
cc = 0-03402AA5 #)o-1 + O(0-4)}. (42) 
vo 


The quantity A, has been calculated by Hartree (1937) and in figure 1 is repre- 
sented as a function of A for —0-1988 < A < 1. In order to show that the 





FIGURE |. A, as a function of the wedge variable A, according to Hartree (1937). 


E, foro = 1 


\ Eckert Expansion (42) 
1-0 0-5704 06-5689 (— 0-3 %) 
0-5 0-5390 0-5370 (— 0-4 %) 
0-0 0-4696 0-4684 (—0-3%) 
0-14 0-4160 01-4196 (+0-9%) 

TABLE 2 


expansion (42) may be used for finite values of the Prandtl numbers, we compare 
the values calculated from (42) with those calculated exactly by Eckert (1942). 
Table 2 shows that expansion (42) leads to satisfactory results for 7 = 1. For 
o > 0-7, the expansion is even more accurate than the interpolation formula 
proposed by Eckert (1942). Furthermore, table 2 shows that the accuracy of the 
expansion decreases as A decreases. This is due to the fact that Ay approaches 
zero if A approaches —0-1988. For Ay = 0, the expansion (42) is meaningless and 
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has to be replaced by another expansion. Putting A, = 0(A = —0-1988), we 
derive from (20) 


3 7 ll 
fy = -AE—2A%(2-3A)/ — 16A3(2—3A)(8—7A) ' + O(p). 


‘ 


Applying the same technique as before, we find 


(24 \t 1 ( 13 
“i——-5 a (SO —___- (2— 3A)? 
a 5 : 749 (2 34)7 +) 55 500 (2-34) 
i i, 
aes 24. Q(73)|. 43 
ne: [CO COS 
Substituting (43) in (39) and putting A = —0-1988, we obtain 
E, = 0-332804{1 — 0-023180—! + 0-000013450-2 + O(a-)}. (44) 


For o = 0-7 this expansion yields EH, = 0-2943, while according to the exact 
calculations made by Brown & Donoughe (1951) we should have £, =: 0-2939. 
Since in both cases the fourth figure is not reliable, the agreement is satisfactory. 


Yee 1-6 1-0 0-5 0-2 0 — 0-14 —0-1988 
a 00-5439 0-6479 0-8044 0-9839 1-2167 1-5967 2-3587 
TABLE 3 


It is also possible to derive expansions valid for very low values of the Prandtl 
number. In this case the thickness of the dynamic boundary layer is only a small 
fraction of the thickness of the thermal boundary layer. This means that in (39) 
fy) may now be approximated by the asymptotic expansion in terms of 7. Since 


fo = 1 for 7 > 2, we may write 
fo~a-%: (45) 


where 7* may be interpreted as a reduced displacement thickness defined by 
rn 
y* = lim | (1—fo)dy = lim {n—f,(7)}. 
7>o J/0 4-> 
Substituting (45) in (39), we obtain 


> — lp*2 
B, = (20/nyt PA 30) (46) 
1 +erf {n*(40)?} 


9 Zz 
where erf (z) = —— [ e-¥* dy. 
V7 Jo 
For low values of the Prandtl number, the right-hand side of (46) may be 
expanded further. The result is 
E, = (20/7)! [1 —9*(20/m)* + ...]. (47) 


Values for 7* have been provided by Eckert (1942), and are given in table 3. 
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The interpretation of (47) is obvious: the first term at the right-hand side of (47) 
represents the heat transfer in a potential flow and agrees with the formulae 
derived by Boussinesq (1903, 1905). This interpretation is in accordance with the 
considerations in §1. The second term in (47) represents a first-order correc- 
tion accounting for small viscosity effects. For flat plates, formula (47) has 
been discussed by Sparrow & Gregg (1957). These authors show that (at least 
for flat plates) (47) yields satisfactory results for values of the Prandtl number 
smaller than about 0-03. 

Finally, in figure 2, E, is represented as a function of A for some values of the 
Prandt! number. 
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FIGURE 2. E, as a function of the wedge variable A, 
for some values of the Prandtl number. 


5. Application to the calculation of the local heat transfer 


Meksyn (1947, 1948) has already given some applications to the calculation of 
the local friction coefficient, so that we shall confine ourselves to the calculation of 
the local heat transfer. Let us first consider some two-dimensional profiles, 
viz. elliptical cylinders. The elliptical profile is determined by the ratio a/b of its 
semi-axes, a being parallel to the oncoming flow (see figure 3). The case a/b = 1 
represents the circular cylinder, and a/b = « the flat plate parallel to the direction 
of the oncoming flow. Furthermore, we shall consider the cases a/b = 2 and 4. The 
reference length L will be defined by L = 2a. 

In order to calculate the wedge variable we have to know wu, as a function of z. 
For elliptical cylinders the potential theory yields 


u,\? a\? 1—cos 2¢ , 
(*:) at (1+*) 1 + (a/b)? + {1 — (a/b)?} cos 29’ aie 
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where ¢ is the angular coordinate (see figure 3). Since we have taken for our two- 
dimensional profiles r = L, we obtain from (12) and (48) 





4 cos 


A= ) ree, 49 
1 + (a/b)? + {1 — (a/b)*} cos 24 1+ cos d ii 


Formula (48) is the more reliable the more slender the elliptical profiles. For 
broad profiles the wake behind the cylinder has an important influence on w,. and 


} a | alb=1 24 @ 
& 





26 




















| 
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FiacuRE 3. Sketch of the elliptical profiles considered in the text. 
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this influence is not accounted for in (48). Hence, for circular cylinders it is 
advisable to derive wu, from experiments instead of from (48). For that purpose 


u, is written as ‘ ian - 
u,|V = u,(x/L) —u,(x/L)? —u;(a/L)°, 


where L is now equal to the diameter of the cylinder. According to Hiemenz 
1911) we have é = 
( ) u, = 3-631, uwg=2°171, uz = 1-514 

for R = 18,500, while according to the measurements made by Schmidt & Wenner 


¢ TQ TQ 
aan) Senn u, = 3-631, us = 3-275, u; = 0-168 


for R = 170,000. 

In figure 4 the curves of the wedge variable are given. For a/b = 1, three curves 
are given, which are all calculated from (12) for r = L. The calculation of the solid 
curve is based upon w, according to the potential theory, that of the dashed curve 
upon wu, according to the measurements made by Schmidt & Wenner (1941), and 
that of the dash-dotted curve upon uw, according to the measurements made by 
Hiemenz (1911). 

Figure 4 shows that in the vicinity of the forward stagnation point dA/dz = 0. 
while moreover é issmall. Hence, in this region Meksyn’s wedge method is near to 
the mark. If a/b increases, this region decreases, but at the same time the slope of 
the (A,x)-curves at median values of x/L becomes smaller, indicating that at 
median values of z/Z Meksyn’s wedge method is fairly accurate. This is to be 
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expected, since slender profiles behave approximately like flat plates and for 
these Meksyn’s wedge method is exact. 

At the vicinity of the separation point of the boundary layer, which according 
to Hartree (1937) is determined by A = — 0-1988, the slope of the (A, x)-curves is 
large, so that in this region the method is no longer reliable. This may also be 
demonstrated by means of the calculated position of the separation point. 
Denoting the separation point by suffix s, we obtain from the wedge method 
@, = 95-2° for a circular cylinder (w, according to the potential theory), while the 
series expansion of Blasius leads to ¢, = 110°. Ifu, is represented by the measure- 
ments made by Schmidt & Wenner, we then find ¢, = 72-4°, while the experi- 
mental value is given by ¢, = 80°. For the elliptical cylinder with a/b = 2 and u, 


1-0 


6 
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x/L 
Ficure 4. Wedge variable for elliptical profiles; solid curves according to the potential 
theory, dashed curve according to Schmidt & Wenner (1941), dash-dotted curve according 
to Hiemenz (1911). 


according to the potential theory, we get from Meksyn’s wedge method 
@, = 105-8°, from Eckert’s wedge method ¢, = 115°, and from the integral 
method of Pohlhausen ¢, = 120-8°. Apparently the separation points calculated 
from Meksyn’s zero-order approximation are too low. 

In figure 5 the local Nusselt numbers are given for the circular cylinder for 
o = 0-7, 1, 5 and 10. The calculations are based upon the velocity distribution 
measured by Schmidt & Wenner. For o = 0-7 the calculations may be compared 
with those of Eckert (1942) and Frdéssling (1940). In figure 5 the dashed curve is 
calculated by Eckert and the dash-dotted curve by Frdéssling. For ¢ < 50° the 
agreement is satisfactory, but for higher values of ¢ discrepancies exist. Fréssling’s 
calculations are based upon series expansions in terms of z/Z containing only three 








terms, so that Fréssling’s curve is no longer reliable for ¢ > 50°. Hence, it is not | 


possible to decide whether Eckert’s or our curve is to be preferred. In figure 6 the 
local Nusselt numbers calculated from Meksyn’s wedge method are compared 
with those measured by Schmidt & Wenner. The three calculated curves corre- 
spond to those given in figure 4 for a/b = 1. The curve calculated by means of the 


velocity distribution measured by Schmidt & Wenner is satisfactory, though the 
theoretical value at the forward stagnation point is too low (it has to be borne in 
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mind that at this point the theoretical value is exact). The curve calculated by 
Eckert (not given in figure 6) gives a worse fit to the experimental curves, since 
Eckert’s curve is too flat in the vicinity of the separation point. As far as we know, 
no calculations have as yet been performed for values of o other than 0-7, so that 
we cannot compare our calculations with others for o = 1, 5 and 10. 

In figure 7 the local Nusselt number is given for the elliptical profile with a/b = 2. 
The dashed curve is calculated by Eckert. At the separation point this curve is 
again higher than ours. 


alb=| 








FiaurE 5. The local Nusselt number for circular cylinders; solid curves are calculated 
according to Meksyn’s method, dashed curve according to Eckert (1942), dash-dotted curve 
according to Fréssling (1940). 


In figure 8 the calculations are represented for elliptical profiles with a/b = 4. 
In this case the difference between Eckert’s calculations and ours is negligible. 
For a > 10 the calculations may be performed by means of the first term of the 
expansion (42), so that 
E,(A, 7) = 0°6163{A,(A) a}. (50) 
At the separation point we obtain from (44) 
E,( — 0-1988, 7) = 0-33280%. (51) 
Hence, if the quantity N/(R%c?) is plotted against x, then in the limiting case 
o + 00 the curves approach zero as x approaches the separation point, though the 
local heat transfer at this point is not zero. The results of the calculations are 
shown in figure 9. Together with figures 5, 7 and 8, figure 9 shows the behaviour 
of the local heat transfer of elliptical cylinders for 7 > 0-7. 
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Frcure 6. Comparison between calculated and measured local Nusselt numbers 
for circular cylinders at o = 0-7. 
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FIGURE 7. 


The local Nusselt number for an elliptical profile with a/b = 2; 
the dashed curve is calculated by Eckert (1942). 
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FIGURE 8. The local Nusselt number for an elliptical profile with a/b= 4. 
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Figure 9. The local Nusselt number for some elliptical profiles at o> 1. 
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Finally, we shall discuss the application to spheres. Putting LZ equal to the 
diameter of the sphere, we have 
r/L = 4sing = $sin(22/L). (52 
The velocity u, may be derived from the measurements made by Fage for 
R = 157,200. Frossling (1940) represented these measurements by 


e 


u,|/V = 3(x/L) —3-4966(x/L)? + 4-7391(x/L)? — 5-1481(2/L)’. (53) 


From (52) and (53) the wedge variable can be calculated, whereupon the local 
Nusselt number is easily computed by means of Meksyn’s wedge method. The 
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FicurE 10. The local Nusselt number for spheres; the dots represent 
the measurements made by Frdossling (1940) at o = 1/0-395. 


results are shown in figure 10. We have also performed the calculations for 
o = 1/0:395 = 2-56. This curve may be compared with the measurements made 
by Fréssling (1938). The agreement between experiment and theory is surpris- 
ingly good, but may be accidental, because the measurements were performed 
at R = 1060 while the calculations are based upon the velocity distribution of 
Fage measured at R = 157,200. 


Figure 11 represents the local Nusselt number for 7 > 1 (say a > 10). Com- | 


paring this curve with the corresponding curve for the circular cylinder, it appears 
that under equal conditions the local heat flux of spheres is higher than that of 
circular cylinders. This may be explained physically by the spatial divergence of 
the streamlines in the boundary layer of the sphere, which is lacking in the 
boundary layer of the circular cylinder. Under equal conditions this effect makes 
the boundary layer of the sphere thinner than that of the circular cylinder. 
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This paper is a part of a doctoral thesis presented at the Technological Univer- 
sity at Delft. The author is indebted to Prof. Dr J. A. Prins of the Technological 
University for helpful discussions and suggestions. 
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FIGURE 11. The local Nusselt number for spheres and circular cylinders at ¢> 1. 
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On the drag of a flat plate at zero incidence in 
almost-free-molecule flow 


By V. C. LIU 


University of Michigan Research Institute, Ann Arbor 
(Received 11 August 1958) 


A physical theory is proposed for the skin friction on a flat plate at zero incidence 
in the transition flow regime, i.e. in the flow of a moderately rarefied gas. The ratio 
of the molecular mean free path to the characteristic size of the plate is assumed 
of order unity or larger. A general formula for the perturbation to the well-known 
friction of the free-molecule theory is given. This perturbation is attributed to the 
intermolecular collisions which are neglected on the basis of the free-molecule 
hypothesis. The expected rate of collisions are calculated for rigid spheres, using 
the classical kinetic theory. 

Although this is intended as an approximate theory, the theoretical results 
check surprisingly well with the limited experimental data that are available. 
The present theory shows that the ratio of the Reynolds number to the Mach 
number squared is the governing parameter for determining the intermolecular 
collision effect on skin friction in the transition flow regime. 


1. Introduction 

The treatment of rarefied gas dynamics has been greatly simplified by the use 
of the free-molecule hypothesis when the molecular mean free path A is many 
times greater than the characteristic dimension L of the particular flow field. In 
this hypothesis it is assumed that the gas dynamic effects of collisions between the 
molecules incident on and reflected from a surface element are negligible com- 
pared to those between the incident molecules and the surface element. This basic 
postulate allows the molecular motion of the incident stream to be treated as 
having the Maxwellian (equilibrium) distribution. Gas dynamic problems of this 
nature are amenable to solution provided the mechanism of molecular reflexions 
at the solid surface is known. 

Similarly, treatment of gas dynamic problems in the slip flow regime, where the 
ratio A/L is much less than unity, has been moderately successful, at least in a few 
specific cases (Schaaf 1956). 

On the other hand, the least rewarding efforts have been in the study of !'ow 
phenomena in the transition regime, where A is of the same order as L. Mathe- 
matically, the classical approaches to such rarefied gas problems always start with 
the Maxwell-Boltzmann equation for the molecular distribution function. The 
general technique (Jaffé 1930; Keller 1948; Wang Chang & Uhlenbeck 1954) is 
based on a perturbation expansion of the Maxwell—-Boltzmann equation in 
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powers of L/A. The calculations are in general formidable and few results of direct 
aerodynamic interest are available. 

Unfortunately, experimental investigations in the transition flow regime have 
also been fraught with difficulties. From the astronautical point of view, the flow 
conditions existing in the transition regime correspond approximately to the case 
of ballistic missile flight at an altitude of about 100 km. 

It appears that for the purpose of elucidating the physical mechanism of the 
phenomena, one might use a physical approach entailing a slight relaxation of the 
conditions imposed by the free-molecule hypothesis. The proposed principle of 
treating this ‘almost-free-molecule flow’ starts with the following assumptions: 
(1) The rate of collisions between the molecules incident on and reflected from 
a surface element is small compared to that between the incident molecules and 
the surface element in question. (2) The probability of a reflected molecule 
colliding twice with the incident molecules before it is deflected away is negligible 
compared to the probability of its colliding only once. The single-collision* effects 
are calculated on the basis of Maxwellian distribution for the molecular velocities. 
In other words, the theory of the almost-free-molecule flow is essentially a higher 
order iteration of the corresponding free-molecule analysis. The intermolecular 
collisions are calculated for rigid spheres based on the classical kinetic theory. (3) 
The molecules are reflected diffusely from the surface without preferred direction. 

As in other mean-free-path methods of treating kinetic problems, the almost- 
free-molecule calculation is expected to indicate quickly the order of magnitude 
of certain gas dynamic quantities in question and their functional dependence 
upon molecular variables. It should be kept in mind, however, that this approxi- 
mate theory, like many other elementary theories of complicated phenomena, can 
by no means be regarded as a complete equivalent of an exact theory such as the 
yet-to-be-obtained solution to the Maxwell—Boltzmann equation for the case of 
a transition flow along a plate. Nevertheless, the results predicted by the theory 
for both the drag of a flat plate at zero incidence and the Pitot pressure (Liu 1957) 
in the transition flow regime were found to show remarkable consistency with the 
limited measurements available. 


2. Flat plate in a free-molecule flow 


Consider a flat plate situated in a free stream of infinite extent with mean 
velocity V,. Ifthe intermolecular collisions occurring near the plate are negligible, 
we may use the Maxwellian distribution for the velocities of the impinging 
molecules relative to an observer moving with the stream. Assuming that the 
plate is in the y, z-plane such that the direction of flow makes an angle a with the 
y-axis and is perpendicular to the z-axis, we have the distribution function (Jeans 
1925) : or oe ‘ , 
f = (63/73) exp{— #7[(u—V, sin x)? + (v+ Vi cosa)? + w? J}, (2.1) 
where / = (2RT7,)~? denotes the reciprocal of the most probable velocity of the 
molecules relative to the mean motion of the gas; 7;,, the free-stream temperature; 
and R, the gas constant. 


* Heineman (1948) earlier used a similar idea in treating the drag on a flat blunt body in 
very-high-speed flow. 
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The number of molecules, N,, that are incident on a unit area per unit time is 


a a *- 


N, = | ; | : | ; n,ufdudvdw, 2.2) 
—-o/J-awJ/0 


t 


given by 


where n, denotes the number density of molecules in the free stream. Equation 
(2.2), on integration, becomes 


4 al } 


N, = n(- i)" {exp (— Sisin? a) +,/7 8, sin a[1 + erf(S,sin «)]}, (2.3) 


27 
where S, = V,/(2RT,)*, and subscript 1 denotes the free-stream condition. 

To calculate the shearing stress, 7;, due to the impact of the incident molecules 
on the plate, we have 


* a 


7 = | | | n,muvf dudvdw. (2.4) 
0 


J—-ODd—-Dd 


where m denotes the molecular mass. For the special case where a = 0, 
T,/4p,V? = 1/,/7 S, (Patterson 1956), where p, denotes the free-stream density. 
If the molecules are reflected diffusely from the plate, 7, = 0 (where 7, denotes 
the shearing stress due to the reflected molecules), since no preferred direction 
exists. Thus, under the free-molecule hypothesis, the drag coefficient of a flat 


plate, Cpe, becomes 
Y 5 / ', l Y OF 
Cor = 27;/3p,Vi = 2//78,. (2.5) 


3. Rate of intermolecular collisions and loss of shearing stress 

It is obvious that loss of shearing stress on the plate can result when the incident 
molecules are prevented from reaching the plate by intermolecular collisions. On 
the other hand, the molecules emerging from such collisions may still strike the 
plate and thereby contribute additional shearing stress. From this it follows that 
in an almost-free-molecule flow the net loss of shearing stress (relative to its 
‘free-molecule’ value) due to the intermolecular collisions is equal to the difference 
between these two aforementioned contributions. 

To calculate the potential contribution to shearing stress by the incident 
molecules about to collide with the diffusely reflected molecules, we first need to 
know the rate of such intermolecular collisions for each incident molecule. Let 
c; denote the absolute velocity of a molecule incident upon a plate, n) and cy 
denote, respectively, the number density and the mean velocities of molecules 
re-emitted randomly from the plate. If C, represents the mean relative velocities 
of collisions between the incident molecule, with velocity c;, and the diffused 
molecules, with a mean velocity ¢,, we have the expected collision rate (Kennard 
1938) e 
E, = non, C,, (3.1) 
where 770? denotes the collision cross-section of the equivalent rigid spheres. 
Since 


ca O+tn 
Ou |, 10, sin 0 d0, (3.2) 
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where / = 0; + 6, (see figure 1), and 


C? = c3 + C2 + 2yc; cos J, (3.3) 
we have from (3.1) 
mon 265 ¢, 2 265¢, 74) 
Cia, Fh}. fl tee 1) | -c0s 0) 
0 6, ( i 0) (c, +6) + sin ‘| . (ce, +Ey)® i) | 
(3.4) 


Note that the term 2(¢,/c;)/(1+¢,/c;)? is always small compared to unity. We 
can obtain a fair approximation by retaining the first-order terms only in the 
power series expansion of EF, in equation (3.4). The approximate rate of collisions 
at the plate becomes 

E, = 4no*nj(c; + €9) (sin 6; + cos 8;). (3.5) 


[ts a\ 


D7 
oF 4 ef . 
| ad 


| 
I —- 
————— ‘ 
FicuRE 1. Velocity vectors of the molecular motion of a gas 
flowing along a flat plate. 














At distance x from the plate, the collision rate is reduced by the following 
factors: (1) the molecular scattering effect, exp(—2/A,); (2) the bilateral free 
expansion of the reflected molecules, )L*/(~+L)(v+6L), where 6 denotes the 
aspect ratio of the span to the chord of the plate (see figure 1). Therefore, the 
likelihood of collisions by an incident molecule between distances 2 and x +dz 


becomes 
dx Lh L2n1a2n dx 
Edt = E— = -— . zy (¢. +) (sin ?, + cos 0,) —. 3.6 
u (x +L) (a+bL)' Crs One u (3.9) 


If all the collided molecules are deflected away from the plate, we can calculate 
the potential loss of shearing stress with the use of equations (2.4) and (3.6). To 
avoid mathematical complexity, we can get a fair approximation by using the 
mean incident velocity [equation (2.3)] at a given angle 0; without directly taking 
into account the random distribution of the molecular velocities. To carry the 
approximation further, we consider only those intermolecular collisions that 
occur in the semi-infinite region based on the plate. 
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If there were no collisions, the tangential momentum integral of the incident 
molecules that would have hit the plate can be written as 


b - Pap (c,/V,)(€ +c,/V,) PL ff—ay 
Se yTOnp: ViL Jo (@ ry rare eWay ; | sin 6,(sin 6; + cos 6,) d0,dydz, 
(3.7) 


ay 
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FIGURE 2. G-function for a plate of infinite span (b = 00). 


“ 


where a, = tan! (y/x), a = tan’ {(L—y)/x], and c; is taken to be the mean 


velocity 


C; 


/ } 2 
C. = | {exp (—S?sin?,;) + /7 S, sin 0,{1 + erf (S, sin 0,)]}. (3.8) 


For the case where the speed ratio S, is smaller than unity, we may approximate 
¢; given in equation (3.8) by the power series 


t 
(—) [1+./7S, sin 0; — 3S}sin? 6; + ...]. (3.9) 
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With the approximate expression for ¢,, as given in equation (3.9), the multiple 
integrations of equation (3.7) can be performed. Thus, 





Ty = — 4310p, V2(L/S?2)G, (3.10) 
where G is a function of S,, b and L/A, (see figures 2 and 3). 
| 
| 
a ee ee _| 
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FIGURE 3. G-function for a square plate (b = 1). 


(i) For the case b = oc, 








5 (® e-(LiAyt 1+72 S, (2% etLiapl 
G(S,, L/A,) = - ce cot-1t —tlog ——-| dt + ¥} wd 
a aa ea ar | op | Jajo 1+t 
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(ii) For the case 6 = 1, 


; ; 5 [2 e-(LiApt 1 a {2 S co e-(L Apt 
G(S,, L/A,) = — cot-!t —tlog —— | d#+—+ 
(S;, L/Ay) 4m | eral og 2 le on o (+bP 


t2 |) ee © p(L/A,)t 
x | (1+é)t + — 5 2t}ar—5(5+5) st | oan 
[ ) “a+e) 8\2 a) to (1+t)? 


1 {2 t S3 © p{L/A,t 
x [stlog ol Mn sealttse | nl 














? 1+? 5m Jo (1+t)? 
23 2 1 « wi 
x | (1+8)8 + 2 ——_. — — —_—_. — $8} dt. (3.12) 
; (1+¢)8 3(14+8)2 °-. 


4, Contribution to the shearing stress by the scattered molecules 

A specific difficulty of the present problem is the determination of the shearing 
stress, 7,9, on the plate due to the impact of the molecules emerging from the 
| intermolecular collisions. Before entering into this determination, we wish to 
emphasize that these evaluations are mere approximations. 





A 





FIGURE 4. Velocity vector diagram of molecular encounters between an 
incident molecule and the molecules reflected from a plate. 


We begin with a theorem of Maxwell (Jeans 1925). If two molecules collide with 
such velocities that their centre of gravity is stationary before collision and, 
therefore, also after collision, then all directions are equally probable for the 
velocity of either molecule following collision. From this it follows that, if two 
molecules collide in any way, the expected velocity of either is exactly equal to the 
velocity of the centre of gravity of the colliding pair. 

Consider an incident molecule A with velocity c; which is represented by OA in 
figure 4. Let ¢), represented by OB, be the velocity of a reflected molecule B from 
the plate. Their relative velocity is therefore represented by AB; the velocity of 
the centre of gravity, by OP, where P is the mid-point of AB. The expected 
velocity of A, emerging from collision with B, is represented by OP. 

In the present analysis of skin friction, we are concerned primarily, though not 
exclusively, with the component of OP along the plate QQ’ since the tangential 
momentum transfer to the plate is of particular interest. By reason of symmetry 
in molecular distributions above and below the plate, we can determine the 
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expectation of the final velocity of A by averaging the components of the velocity 
OP over all possible directions for OB. Now the similarity can be established 
between the analysis herein for the expected final velocity of A and the classical 
calculation for the persistence of molecular velocities in the kinetic theory of gases 
(Jeans 1925). After the collision with another randomly moving molecule of equal 
size, the velocity of a given molecule will, on the average, still retain a component 
in the direction of its original motion. This characteristic is called the persistence 
of velocities after collision. It has been shown by Jeans (1925) approximately, and 
by Chapman & Cowling (1952) exactly, that the mean persistence, for identical 
molecules in collisions, is equal to 0-406 times the original velocity. 

Provided that the above-mentioned hypothesis is valid, the mean expected 
velocity of the centre of gravity of molecules A and B will be equal to 0-406c; in 
the direction OA. From this it follows that the additional shearing stress, 7,), to 
the plate due to the impact of the molecules (both A and B) emerging from the 
intermolecular collisions will amount to approximately 81-2 °% of 7,, (see equa- 
tion 3.10). 


5. The drag coefficient of a flat plate 

Given the intermolecular collision effect on skin friction of a surface as worked 
out in §§ 3 and 4, the drag coefficient, Cp, of a flat plate at zero incidence in an 
almost-free-molecule flow follows from (2.5). Thus 


'p = (2/,/7 S,) — 0-376710?n4( L/S}) G. (5.1) 


Dividing equation (5.1) by Cpz leads to 
Cp/Cpr = 1—0-188780?n,( L/S?) 4. (5.2) 
In the case when 7, = 7, and, therefore, n) = n,, and since 
J2mo02n, = 1/A, S, = (y/2)#M, and L/A, = 0-499(8/7y)? Re/M,, 


where M, and Re denotes the free-stream Mach number and Reynolds number 


respectively, we have 
Cp/Cpy = 1—0-188(Re/M?) G. (5.3) 


The comparison of C,,/C,, computed from equation (5.3), for a two-dimensional 
plate (b = 00) and a square plate (b = 1) at various values of S, and L/A,, with 
those obtained from measurements in a low-density wind tunnel (Schaaf & 
Sherman 1954) are shown in figures 5 and 6, respectively. 


6. Conclusions 

Considering the number of serious simplifications made in the formulation 
process, we cannot expect the theory to predict results with greater accuracy than 
the right order of magnitude. The surprisingly close agreement between the theory 
and the limited measurements that are available should be taken with guarded 
optimism until a wider variety of experimental results is available. 

The present theory does show that Re/M? is the governing parameter for the 
determination of the intermolecular collision effect on skin friction of a shear flow 
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in the transition regime. It is of interest to compare the present result on inter- 
molecular collision effect with that on Pitot pressure in an almost-free molecule 
flow (Liu 1957). In the case of Pitot pressure, Re/M, instead of Re/M? becomes the 
corresponding governing parameter. This exhibits the difference in physical 
mechanisms between the shear flow effect (skin friction) and the impact flow 
effect (Pitot pressure) in the transition regime. 


The research reported in this paper has been supported by the Meteorological 
Branch of the U.S. Army Signal Corps under Contract No. DA-36-039-SC-64659 
with The University of Michigan. The author wishes to record his indebtedness 
to Prof. Sydney Chapman for his reading of the manuscript and his stimulating 
discussions of this work; and to Mr Howard Jew for assistance in the numerical 
computations. 
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REVIEWS 


Statistical Theory of Irreversible Processes. By R. E1sEnscuirz. Oxford: 
Clarendon Press, 1958. 84 pp. 8s. 6d. 

There is probably no physical generalization more firmly established than the 
Second Law of Thermodynamics. Indeed, the thermodynamic theory of equi- 
librium and its statistical basis are so well understood that there seems little 
room for further fundamental advance in this subject. Such, however, is far 
from true of the theory of passage towards equilibrium: here even the funda- 
mental principles are still under dispute, and are the subject of much discussion 
at the present time. 

It is generally agreed that a non-equilibrium situation, like a state of equi- 
librium, should be described by a probability distribution over phase space (or 
in quantum mechanics by the corresponding density operator). In equilibrium 
theory this distribution is obtained by maximizing the entropy, which is a well- 
defined integral of the distribution function. In non-equilibrium theory, how- 
ever, this procedure will not work owing to the reversibility of the microscopic 
equations of motion; if the same integral is maximized at a certain instant, the 
resulting distribution function yields in general no instantaneous change in the 
macroscopic observables whose values are used to specify the non-equilibrium 
situation; indeed the entropy itself remains constant throughout time because 
of Liouville’s theorem. 

This difficulty was by-passed by Boltzmann in arriving at his famous equation 
for the time-development of the properties of a perfect gas in disequilibrium. 
The essence of Boltzmann’s theory was to ignore the prior correlation of the 
velocities of two colliding molecules, so that the history of an individual mole- 
cule could be regarded as a stochastic time sequence. With this assumption 
Boltzmann was able to prove his famous H-Theorem, according to which the 
entropy per particle increases steadily with time. For strongly interacting 
systems, however, any statistical definition of the entropy must include particle 
correlation terms, if it is to agree with the thermodynamically measured en- 
tropy; thus Boltzmann’s equation cannot be directly applied. 

Historically, the next successful theory of an irreversible phenomenon was 
the Einstein theory of Brownian diffusion. A Brownian particle is supposed to 
be subject not only to viscous drag but also to a rapidly fluctuating force with 
a very short correlation time. In this way irreversible behaviour is obtained, 
but at the expense of introducing a somewhat artificial theoretical distinction 
between two effects which are actually of the same physical origin. 

The most powerful result yet obtained in the theory of disequilibrium is un- 
doubtedly that of Onsager, and has been justly described as the Fourth Law of 
Thermodynamics. By very general arguments, appealing only to microscopic 
reversibility and to the linear character of many dissipative phenomena, 
Onsager was able to show that in systems where two dissipative processes inter- 
act (such as diffusion and thermal conduction) there is a symmetry between 
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the mutual effects of the two processes. Onsager’s Law is of great generality 
and has been verified experimentally with the utmost precision in many 
different situations. It is, indeed, the most important single statement in the 
modern subject of non-equilibrium thermodynamics. 

It is against this background that current work must be viewed. In non- 
equilibrium thermodynamics the entropy is calculated by integrating an entropy 
density, which in turn is estimated by assuming equilibrium conditions to 
prevail in each small element of the system. It is clear, therefore, that it is not 
the entropy but the entropy density which should be given a proper statistical 
definition, and Boltzmann’s theory implicitly does this. But it might be asked 
whether one cannot, as Boltzmann did, obtain a satisfactory statistical theory 
which makes no explicit reference to the entropy. This is the line of thought 
which has been pursued most diligently by recent workers, and various pro- 
cedures have been proposed. It is well recognized, for example, that although 
the distribution in phase space of a closed system develops reversibly, never- 
theless, if this distribution is ‘coarse-grained’—that is to say averaged over 
cells of small but finite phase volume—then the entropy calculated from the 
coarse-grained distribution increases steadily with the time, and from a macro- 
scopic point of view the system shows irreversible behaviour. In practice the 
coarse-graining procedure is necessarily drastic; one must average over the 
co-ordinates and the momenta of all the particles except a very few so as to 
obtain an equation of motion in a reasonably small number of variables. Un- 
fortunately, it then becomes very difficult to make any quantitative statement 
about the time-development of the few-particle distribution functions, so that 
although irreversible behaviour is ensured, the transport coefficients are still 
inaccessible to calculation. 

A different but related procedure has been developed by Kirkwood and his 
collaborators. Kirkwood postulates the existence of a small finite time, short 
compared with the macroscopic relaxation time, but long enough for the 
average force on a molecule due to its neighbours to be effectively randomized. 
He then obtains equations for the transport coefficients of a liquid in terms of 
the autocorrelation integrals of the intermolecular forces and the problem is 
then reduced to evaluating these integrals. Though Kirkwood’s formalism 
seems to be essentially correct its exploitation demands laborious analysis and 
has not yet proved very fruitful in the interpretation of experimental data. 

Dr Eisenschitz’s little book does not, unfortunately, do justice to its subject. 
The chapters appear to be arranged in an almost random order: the last 
(Chapter LX) is an elementary exposition of probability theory; Boltzmann’s 
H-Theorem appears at the end of Chapter VII, which is concerned with statistical 
quantum mechanics; the theory of Brownian movement and of stochastic 
processes generally does not appear until Chapter VIII, and at the end of this 
chapter there is a superficial mention of Onsager’s theorem, with no reference 
to its method of derivation. Equilibrium statistical mechanics is dealt with 
summarily in Chapter II, which occupies exactly four pages and concludes 
with the remarkable statement: ‘These examples should be sufficient to show 
the achievements and limitations of the classical theory of equilibrium.’ The 
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meat of the book ought to be in Chapter III, entitled ‘Irreversibility’, but on 
page 11, after promising to show that a coarse-grained distribution develops 
irreversibly, the author introduces without warning the time-smoothing device, 
which has no logical connexion with the coarse-graining procedure. In this of 
all chapters the author should have attempted to make clear the necessary and 
sufficient conditions for irreversible behaviour, but he provides no indication 
as to what sort of phenomena ought to be irreversible, or why, and makes no 
comment on the question whether irreversibility can occur in a system contain- 
ing a finite number of particles. In view of the author’s scientific reputation, the 
book is a serious disappointment to anyone who wishes to understand clearly 
what has been achieved and what are the outstanding problems in this field. 


H. C. Lonevuet-Hieers 


An Introduction to Fluid Dynamics. By G. Tempe. Oxford: Clarendon 
Press, 1958. 195 pp. 25s. 

The chapter headings in this short book are: 1. Introduction; 2. The properties 
of the perfect fluid; 3. Bernoulli’s theorem; 4. Irrotational flow; 5. The velocity 
potential; 6. The complex potential and velocity in plane parallel flow; 7. ‘ Point’ 
sources, doublets, and vortices in plane parallel flow; 8. Equivalent layers of 
sources, doublets and vortices; 9. Simple fields of flow obtained by super- 
position; 10. The forces on a body in a uniform stream; 11. Simple fields of 
flow obtained by conformal mapping; 12. Discontinuous flow; 13. The design 
of wing profiles; 14. Point sources and doublets in axi-symmetric flow; 15. 
Slender-body theory. 

In the preface the author states: ‘The object of this book is to provide an 
introduction to Fluid Dynamics, primarily for students reading for Honours in 
Mathematics and Theoretical Physics. There is an undoubted need for such a 
work, for although we have the comprehensive treatises of Lamb and of Milne- 
Thomson, there is no elementary account of the basic principles of modern 
Fluid Dynamics. The works of Basset and Ramsey still repay consultation, but 
the emphasis in Fluid Dynamics is no longer on analytical solutions of in- 
genious problems but on the development of the physical significance of the 
fundamental principles. 

‘Our main purpose therefore is to introduce Fluid Dynamics as a branch of 
dynamics and to concentrate on the fundamental dynamical principles and 
their immediate applications to the types of fluid flow which are actually 
observed or produced, especially to the ‘‘disturbance”’ flow produced by the 
motion of a solid body through a fluid.... 

‘This book, however, is limited to the theoretical aspect of Fluid Dynamics, 
and is, moreover, restricted to the theory of the perfect fluid. ...’ 

Accordingly, readers will expect an account of the scope and physical limita- 
tions of the frictionless perfect-fluid model, a difficult and interesting subject 
which the author would be well qualified to treat. The perfect fluid was dis- 
credited early in the history of hydrodynamics when it was found to lead to 
D’Alembert’s paradox, that bluff bodies in steady motion through a perfect 
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fluid experience no drag. Since then, however, the perfect fluid has been shown 
to be applicable in many important situations (not including the steady motion 
of a bluff body), in particular in the theory of aerofoils and slender bodies, and 
of water and sound waves. To explain the reasons for this success must involve 
some discussion of such topics as viscosity, boundary layers, flow separation, 
hydrodynamic stability, etc., which in the older books were relegated to the later 
chapters, but without which no real understanding of the subject is possible. 

Such an explanation is not to be found in Prof. Temple’s book. Viscosity 
and the Reynolds number are each mentioned once (on p. 20), the boundary 
layer a few times, and no comparison with experiments is given at any point. 
A student without previous knowledge of fluid dynamics would necessarily get 
a very erroneous idea of its problems and methods from this book. For instance, 
when the potential flow past a circular cylinder is discussed on p. 118, should 
not a warning be given that the results may not be applied to steady flow, but 
that they may be applied to the initial stage of flow accelerated from rest and 
also to oscillations of small amplitude? The emphasis throughout this book 
is not really more physical than in the older books mentioned by Prof. Temple. 
It seems a pity that we are not given a full discussion of any one problem, 
say the flow past a circular cylinder or the Thwaites flap mentioned in chapter 9, 
including all that is known experimentally, with diagrams and photographs. 

Although the neglect of the non-mathematical aspects severely limits the 
utility of this book as a first introduction, the discussion of the mathematics of 
potential flow is in many places original and elegant and will appeal to the 
reader with some previous knowledge, and some common difficulties are clearly 
explained in the book. 

In chapter 1 it is emphasized that Newton’s laws must be applied to a mass 
of fluid consisting always of the same particles. In §4.7 Kelvin’s circulation 
theorem is proved in the Lagrangian description of motion, whereby obscurities 
commonly found in the proof of this theorem are avoided. Chapter 8 is devoted 
to the representation of two-dimensional flows by sources and dipoles (Green’s 
theorem) and also by sources and vortices. The treatment, based on complex 
integration is very neat; I have not seen it before. The discontinuous flow past 
a plate is calculated more simply than in the standard texts, by Helmholtz’s 
original method. Many of the problems and examples are well chosen and 
interesting and often taken from recent research work. It is made clear, at 
any rate, that the subject is not now a merely academic exercise. However, the 
ideal well-balanced introduction to fluid dynamics still remains to be written. 


F. URSELL 


Mathematical Theory of Compressible Fluid Flow. By RicHarp von 
Misgs, completed by Hip GErRINGER and G. 8. 8. Luprorp. New York: 
Academic Press Inc., 1958. 514 pp. $15.00. 


Ten years and more ago, the publication of any book on the theory of compres- 
sible fluid flow was an event of great importance to all workers in the field, and 
whatever the merits and demerits of the work, it was almost bound to have 
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some value. But in the past decade the situation has changed completely; an 
almost embarrassing number of books on this subject has appeared, and any 
new works must now exhibit special qualities of originality or exposition if they 
are to be successful. It is pleasant to be able to record that these qualities are 
evident in the case of this book by von Mises. This is the third volume in the 
Series of Monographs on Applied Mathematics and Mechanics prepared under 
the auspices of the Applied Physics Laboratory, The Johns Hopkins University, 
and is a worthy companion to its distinguished predecessors in the series. 
According to the preface, the first half of the book was completed by von Mises 
before his untimely death in 1953, and the second half was written by Hilda 
Geiringer (Mrs R. von Mises) and G. 8. 8S. Ludford using von Mises’s papers 
and lecture notes for guidance. So well has the addition been made that much 
more than a casual examination of the text is required to detect the change 
of authorship. 

The book is divided into five chapters, the first two of which deal with the 
general theory of compressible flow. The equations of motion are derived by 
what might be described as classical methods, except that the usual equations 
of state and energy are replaced by an original feature of the author’s in the 
form of a specifying equation, which is a general relation between the pressure, 
density, and velocity, their derivatives, and the space co-ordinates and time. 
Energy relations and the influence of viscosity and heat conduction in a fluid 
are then considered, and the first chapter concludes with a discussion of the 
acoustical equations. The second chapter contains derivations and discussions. 
often in considerable and valuable detail, of some consequences of the general 
equations. The theory of characteristics is introduced here; the treatment given 
is almost entirely mathematical (rather than physical), but is very detailed, 
particularly for the case of two variables, and the present reviewer found it 
most illuminating on a number of points. 

The next chapter is concerned with one-dimensional flow, and starts with an 
article on steady flow with viscosity and heat conduction present, followed by 
articles on non-steady flow of an ideal fluid, and simple waves. Shocks are then 
introduced and are given a long discussion on the basis of an ideal gas with 
constant specific heats, with due attention to the non-isentropic flow behind 
curved shocks. 

Chapter IV contains an account of the theory of plane steady potential flow, 
with emphasis on the supersonic case and the method of characteristics. The 
hodograph equations are derived and discussed, both for the velocity potential 
and stream function and for their Legendre transforms. Then the exact solutions 
for radial, vortex, and spiral flows are examined, and limiting lines are given a 
brief mention. Articles on the Chaplygin-Kérman—Tsien approximation and 
simple waves are followed by extensive discussions of limit and branch lines. 
and Chaplygin’s hodograph method. 

The last chapter deals with integration theory and shocks. Hodograph 
theory is developed still further, following the method of Lighthill and Cherry, 
and there is a useful account of Bergman’s integral transformation method. 
Further aspects of shock theory and non-isentropic flows are given, and the 
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chapter ends with a particularly interesting article on the current theoretical 
ideas and difficulties associated with the transonic flow problem. 

The work ends with nearly forty pages of Notes and Addenda, which are 
collected footnotes on the main text. These notes are extraordinarily informative, 
and the reviewer found most of them quite fascinating, particularly for the 
amount of historical matter which is contained in them. It appears from the 
preface that these notes were placed together at the back of the volume, instead 
of on the actual pages to which they refer, in accord with ‘von Mises’s practice 
of keeping text free from distraction’; however, on the assumption that they 
are meant to be read in conjunction with the appropriate matter of the text, 
the continual necessity for reference to the end of the book is far more distracting, 

The whole work is essentially mathematical in concept, as would be expected 
from such an eminent mathematician as von Mises, and personally the reviewer 
found the presentation and content very much to his taste. But there are other 
points of view on this matter, and undoubtedly there are many who would 
prefer a closer contact with the physical ideas behind the theory than is to be 
found here. As it is, the book provides a mine of information on its subject 
which should be invaluable to students and research workers in the field of 
theoretical mechanics, and engineers with mathematical leanings will also find 
much which will be of profit to them. It must be remarked that the book is not 
easy reading, in the sense that much more than a casual study is required in 
many places in order to extract the full value of the text; of course, this is 
almost inevitable in a work of any depth. 

The reviewer found himself at variance with the author over the derivation 
of the equations of motion. The reviewer holds the opinion that the integral 
forms of these equations are more fundamental than their differential forms, 
since the former cover more general types of flow than the latter, including 
discontinuous motions, and the differential forms can be deduced from the 
integral forms once suitable conditions have been imposed on the derivatives 
of the dependent variables. Thus, in a fully deductive mathematical treatment, 
it would seem to be more appropriate to take the integral equations as a starting 
point. Also there are difficulties in the application of Newton’s Laws of Motion 
which are not mentioned by the author. 

The preface states that ‘The present book contains no extensive discussion 
of the approximation theories... . It was the author’s intention to discuss these 
in the second part of his work....’ The death of the author before this second 
part could be written is a great loss, for it is certain that von Mises would have 
had much of interest to write on this topic, as on those subjects which he has 


covered so well in the present book. CG. N. Warp 
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